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Chapter 1 

Basic Definitions and a Discussion of the Main Problem 



1. Introduction 

This dissertation is concerned with adjoining roots of polynomials over normed algcbras. It was originally in- 
tended to investigate the Galois theory of topological algebras but this was quickly found to be too ambitious. 
Nevertheless we borrow ideas from field theory to form definitions and try to obtain some analogies. 

First we show how to adjoin the root of one monic polynomial to a commutative normed algebra with 
unity, A. This construction is then iterated to adjoin roots of arbitrary sets of monic polynomials, and then 
to obtain an extension closed under taking of roots of monic polynomials (integrally closed). 

There is a similarity with the chain of extensions of Q (say) to include a root of a single irrational 
number (say a root oi — 2 G Q[x]), to a field, R, containing the roots of an uncountable set of polynomials 
irreducible over Q, to an algebraically closed field, C. For normed algebras this can be achieved entirely by 
a certain type of extension, introduced by Arens and Hoffman in [1]. The simple extension is then iterated 
using deeper set theory to obtain the 'standard normed extensions' of chapter 5 which contain roots of any 
set of monic polynomials over A. Finally transfinite methods are used on these extensions to obtain an 
integrally closed normed extension. To illustrate the resemblance: 

algebraically closed C C integrally closed 

t i 

B a Standard extension 

A(x an Arens- HofFman extension 



Q A 

The context of this work in function analysis is dcscribcd in chapter 7. 

A theme is to determine when various properties (principally complcteness and semisimplicity) of the 
original algebra are prcscrvcd by the types of extension discusscd. 

Along the way we are led to consider, in appendix 2, foUowing suggestions in [1], a Gelfand theory for 
normed rather than Banach algebras. 

An application of Arens-Hoffman extensions not directly connected with algebraic extension is included 
in chapter 3. 

Arens-Hoffman extensions are not the only type of extensions possible. For example in the category of 
uniform algebras there is a more natural construction availablc (due to Cole). We attempt to compare the 
two methods in the case of a simple extension. Finally in chapter 6 we show that Cole's method can be used 
to construct integrally closed uniform algebra extensions. 

2. Basic Definitions 

An algebra is a ring, A, which is also a vector space over some field, F, such that for all a, 6 € ^, A e F we 
have \{ab) = {Xa)b = a{Xb). A normed algebra is an algebra over K or C with a map || • ||: A — > [O, +00) such 
that {A, II • II) is a normed linear space and for all a,b £ A \\ab\\ < ||a||||6||. If the ring A has a unity, 1, and 
||1|| = 1 then we call A unital, and we call A commutative if it is commutative as a ring. We assume that 
the reader is familiar with normed spaces and with the basic facts of Gelfand theory (listed in appendix 1). 



a simple extension (Q(\/2) 
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Givcn an algebra, A, and an element a Q A there are at least three senses in which a might be called 
algebraic: 

(i) there is a non-zero f{x) e ¥[x] : f{a)= O, 

(ii) there is a non-zero ^{x) G A[x] : 7(0) = O, 

(iii) there is n € N and üq, . . . , a„_i G A : üq + ■ ■ ■ + a„_ia"~^ + a" = 0. 

Plainly (i) and (iii) are special cases of (ii) when A has a unity. We shall never mean sense (i). If (ii) 
holds then a is algebraic over A. In (iii), a is said to satisfy an equation of integral dependence (over A) or 
to be integral over A. In fact we shall mainly be concerned with integral dependence in this dissertation. 

Given 7(0;) € A[x\ we can ask if there exists a G A such that 7(0) = 0. If such an o exists it is called a 
root or zero of 7(0;). Sometimes a 7(.t) will have no zeros in A and we try to extend A so as to include one. 
To be more precise we make the following definition: 

DEFINITION 1.1: Let A and B bc algebras. B is an extension of A if there exists a monomorphism 
9:A^B. iJ is a unital extension of A if A has a unity, 1, and 9{1) is the unity for B. HA and B are 
normed then B is an isometric extension of A if there exists an isometric monomorphism 9: A ^ B. We 
shall say that B is a topological extension if there is a continuous monomorphism 9: A ^ B which is bounded 
below (meaning that for some m > O we have m||a|| < ||ö(a)|| (a € A)). In each case 9 is referred to as an 
emhedding. 

Wc shall sometimes abbreviate 'B is a unital extension of to B : A. 
The insistence on isometric embedding is explained by Lemma 1.3 and because we only distinguish normed 
algebras up to isometric isomorphism. 

DEFINITION 1.2: Let A and B be algebras and 9:A^ Bhe&n embedding. Let 7(3;) = YX=o Cfex'^ G A[x\ 
and 6 e B : 9{'y){b) := Y1=q ^(cfe)^*^ = 0. Then 6 is a root of 7(x). 

LEMMA 1.3 (the embedding lemma [well-known] ) : Let A, B be normed unital algebras and 9: A ^ B he a. 
unital isometric monomorphism. Then there exists a normed algebra, C, and a unital isometric isomorphism 
(j): B ^ C such that the inclusion map, t: A — > C is an isometric embedding and the following diagram is 
commutative: , 

B ^ C 

e /i 

A 

Proof. Omitted. (An exercise in set theory.) □ 
Clearly there are many variants on this. 

3. The Main Problem 

Our first problem is, given an algebra, A, and a set of polynomials, P C A[x\, to find an extension algebra, 
B, in the same category as A and such that y a{x) G P 3b G B : a{b) = 0. Here we are identifying a{x) 
with its image undcr the map A[x] B[x] induccd by the implicit embedding 9:A^B. Usually we shall 
make the embedding explicit and write 9{a){x) for this.) 

Our second problem is to discuss which properties of the original algebra are preserved in B. This may 
cause us to attcmpt to construct ncw types of extension algebra. As hintcd above wc shall only considcr unital 
algebras and then only attempt to adjoin roots of monic polynomials. We now provide some justification for 
this. 

Complexification and Unitisation 

If j4 is a real normed algebra then it is known (see [2] p. 69) that there exists a complex normed algebra, 
Ac, and an isometric monomorphism 9: A ^ Ac (regarding Ac as an algebra over K). Similarly, if A has no 
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idcntity wc can cmbcd A into a unital normcd algebra, ^ + F ([2] p. 15). Tlicrcfore we could take extensions 
of algebra made complex and unital in which our set of polynomials have roots. 

We are of course neglecting questions such as how the final algebra might behave under changing the 
order of the composite embedding or how the different methods of complexification or unitisation behave 
with respect to different types of algebraic extension, but these would distract us too much. 

The reader may also wonder why we do not assume that A is complete, in view of the availability of a 
Standard completion to embed into. The main reason is that we would lose the interesting results of chapter 
3. 

Commutativity 

This is not so easily swept aside except to say that the whole problem seems much more natural in the 
commutative context. We can, if the coefEcients of all polynomials in P commute, consider extensions of 
the (maximal or otherwise) commutative subalgebra of A gencrated by these and the unity, but it seems 
difScult treat the problem of extending the whole algebra suitably. 

Restriction to Monic Polynomials 

First we make the trivial observation that this is really equivalent to the assumption that all polynomials to 
be considered have an invertible leading coëfficiënt. The reason why we do not consider adjoining roots of 
polynomials with arbitrary leading coefFicients is that a gencral method would tackle the problem of adjoining 
inverses to A. (I.e. to adjoin an inverse of a G A we would look to the unital extension generated by ax— 1.) 
We refer the reader to [3] p. 256 for an article on this subject, which is really another problem. (It was 
provcd by Silov that if a G ^, a commutative unital Banach algebra, thcn there exists a unital extension, B, 
containing an inverse for a if and only if a is not a topological zero divisor. So algebraic extension by some 
polynomials is not possible. A much more detailed discussion containing some results on this problem can 
be found in [4]) 



Throughout the rest of this dissertation A will denote a complex, commutative, unital normed algebra. All 
extensions and homomorphisms will be unital unless otherwise stated. 
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Chapter 2 

Arens-HofFman Extensions 



Let ü be a commutative ring with unity and a{x) G R[x] be monic. Let (a(a;)) denote the principal ideal 
in R[x] gcncrated by a{x). It is wcU-known that a{x) has a root in the factor ring B := R[x] j {a{x)) and 
that v': R ^ B ; a 1-^ {'^{^)) defines an embedding. The simphcity of this construction is both appeahng 
and practical. In the case when iï = ^ is a normed algebra we hope that there exists a norm on B so that 
B : A is an isomctric cxtcnsion. 

The purpose of this section is relate the work of Arens and Hoffman in [1] where it is shown that not 
only can this be done but that the resulting extensions have good properties. For example if A is complete 
thcn so is B. 

A second concern is whether B is semisimplef if >1 is a semisimple Banach algebra. Arens and Hoffman 
generalise the notion of semisimplicity to normed algebras and prove their results for these. They make the 
following definition 

DEFINITION 2.1: Let A be a unital normed algebra. A is tractable if the intersection of its closed maximal 
ideals is {0}. 

The motivation for this is cxplained in appendix 2. Tractability is a stronger condition than semisimplicity 
and when A is complete they are equivalent since then it is well-known that maximal ideals are automatically 
closed. 



Throughout the rest of this chapter A will denote a commutative unital normed algebra and a(x) = ao + 
aix + • • • + a„_ix"~^ + x" a polynomial over A. B will denote A[x] j (a(a;)). The set of all continuous 
characters (see appendix 2) on A will be denoted ^(A). 



1. The Main Theorem 

Arens and Hofïman's solution is to define a norm on the induced polynomial algebra, A\x\, so that {a.{x)) 
is closed. We then have a norm for B in the Standard way (see for example [5] p. 316): 

V/J(x) e^N ||(a(a:)) := inf ||7(a:) + /3(x)|| . 

7(a:)e(a(x)) 

The reader will remember from the proof of this that the fmietion above still defines a seminorm if ((^(a;)) is 
not closed. Most of the proof below establishes that a norm can be found for which this seminorm is faithful. 

LEMMA 2.2|: ([6] p. 128) Let ü be a commutative ring with unity and 

OoX-', with g{x) = > bjx^ monic {bm = !)• 

Then there are unique q{x)^T{x) e -R[a;] such that 

deg(r(a;)) < deg(5(a;)) and f {x) = q{x)g{x) ^ r{x) (*) 

Proof. ([6] p. 128): If deg(/(a;)) < deg(g{x)) then we can take q{x) = 0,r{x) = f{x) so we may assume 
n> m. 



t See appendix 1. 

I With the convention deg(0)=— oo. 
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If n = O then f{x) = ao, g{x) = 60 = 1 7^ 0. So we have 

ƒ (a;) = ao = aog{x) + O 

and the result holds. Let p > O and suppose the result is true for all n < p. Put fi{x) = f{x) — apxP~"^g{x). 
Then deg(/i(a;)) < p so by hypothesis there are qi{x),r{x) G R[x] (deg(r(a;)) < deg(g{x))) : 

fi{x) = qi{x)g{x) +r{x) 

f{x) - apxP^'^gix) = qi{x)g{x) + r{x) 

f{x) = q2{x)g{x) + r{x) where q2{x) = apxP~"^ + qi{x). r{x) has degree less than m so the existence 
result now foUows from the principlc of mathcmatical induction. 

To show uniqucness, let f{x),g{x),q{x),r{x) G R[x] satisfy (*) and qi{x),ri{x) G R[x] also having 
deg(ri(x)) < deg(g(x)) and f{x) = qi{x)g{x) +ri(x). Then 

{q{x) - qi{x))g{x) = ri{x) - r{x). 

So if q{x) 7^ qi{x) then, sincc g{x) is monic, the degree of the right hand side is at least m, a contradiction. 
So q{x) = qi{x) and ri{x) = r{x). □ 



THEOREM 2.3: There exists a norm on B such that B is an isometric extension of A and such that B is 

complete if A is. 
Proof. ([1]): Let 

t>Q : ||ao|| + ||ai||t+--- + ||a„_i||r^i < T 
and set for 7(0;) = Y%=o '^kX^ ^ A[x\, 



fe=o 



It is easy to check that this dcfincs a norm on A[x]: 

Let -f{x),5{x) e A[x\; ^{x) = YX^a^^kX^ ^^i^) = YX=ü'^kX^- Let r = max(p, g) and Cfe = = O Vfc > 
p,l > q. Then 



||7(a;) + 6ix)\\ = ^ \\ck + d^Wt'^ < ^(||cfe|| + = E H^'^H*' + E ll^-^H*' 

fe=0 fc=0 fc=0 k=0 

= \hix)\\ + mx) 

A[x] is an algebra so we need to check that || • || is also submultiplicative: 



h{x)6ix)\\ 



p+q I k 

E E'^j'^fc-j 

fe=0 \j=0 



p+q 

-E 

k=0 



p+q k 
k=0 j=0 

= ||7(a;) II ||'5(x)|| . 

Let A € C. Then 
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Finally, 



||7(a;)||=0 ^ ^||c,||t'==0^ ||cfe|| = O {k = 0,...,p) 



fe=0 



^ Cfc=0 {k = 0,...,p) 
<^ 7(a;) = 0. 



We form the quotiënt algebra, B, as usual and define 



(a(x)) +S{x)\ 



7(x)eA[x] 



With the special choice of this scminorm is faithful. Suppose (a(x)) + 8{x) € B. By the lemma, there is 
a unique g(a;) e A\x\ and /3(.t) = X^^Zq h^x^ e A[x] : S{x) = q{x)a{x) + 

We show that V7(a;) G A[x] ||q;(x)7(x) + /3(x-)|| > ||/?(x)||. It then follows that 

\\{a{x)) +ö{x) 



7(x)eA[x] 



^ , ™f II (7(0:) - qix))aix) + S{x) 
: inf ||7(x)a(a;)+/3(x)|| 

7(x)ej4[x] 



But ||(a(a;)) +5(a;)|| = ||(a(a;)) +/3(a;)|| < \\P{x)\\ so we shall have 

\\{a{x))+6{x)\\=mx)\\. 
(In particular, if 6{x) ^ {ce{x)) then ||(a(a;)) +5(a;)|| > 0.) Let 7(0;) G A[x]. To make the foUowing 



writing easier we shall set a„ = 1, bj 



ci=0 yi> p,j > n, bn = 0. Thus 



|a(a;)7(a;) + l3{x) 



.n-l 



)(y: . , CkX 



^k=o ^^^^ + (5^fe=o ""^-^ ; v^fe=o 



■'3 



En+p s-^j 
,=0 ^^• + Z.fe=o''^-'=^'= 



= \\bo + üqCqW + +aiCo + aoCi|| H h ||6„_i + a„_iCo H h aoc„_i||t" ^ 

+ ||co + a„-ici H h aoc„||t" + ||ci + a„_iC2 H h aoCn+ijji""'"^ 

+ ... + ||cp||É"+P 
> (ll&o||-||ao||||co||) + (||&i||-||ai||||co||-||ao||||ci||) 

+ --- + (||fe„_i||-||a„_i||||co|| ||aolll|c„-i||)i"-i 

+ (l|co||-||a„-i||||ci|| ||ao||||c„||)r 

+ (llcill - ||a„_i||||c2|| ||ao||||c„+i||)r+i + • • • + ||c^||r+^ 

= ll&o|| + ||6i||i + --- + ||6„-i||t"-^ 

+ l|co||(t"-||a„-i||r-i ||ai||t-||ao||) 

+ ---+t||ci||(r-||a„_i||r-i - •••)+••• 

We see that terms after \\l3{x)\\ = \\bo\\ + H h ||6„-i||t"-^ are of the form 

t'WcjWif" - ||a„_i||r-i > t'\\cA{t^ - ||a„-i||r-i ||ao||) 

> O 



6 



(for some l € {O, . . . ,n}). So this rcally does dcfine a norm, || • on A[x] / (a(a;)). In particular the 
natural epimorphism z/:^[a;] ^ ^[x] / {a{x)) is continuous so 

^-'({0}) = {S{x) e A[x] : \\{a{x))+S{x)\\ = 0} = (a(x)) 
is closed. The unital embedding 

u': A A[x] I {a{x)) ; a ^ {a{x)) + ax^ 

is an isometry since the unique polynomial of degree less than n which is equal to ax^ modulo («(x)) is ax^ 
so that ||(a(a;)) +aa;°|| = ||aa;'^m[j:] = ||a||. 

It remains to check that B is complete if A is. Let j {q.{x^ + 7^™^(a;) j be a Cauchy sequence in 
B. By the lemma, we may assume that deg(7("*^(a;)) < n Vm e N. So let 



-i^'^\x) = Y.[^/^ x"" 



Then 



((a(x)) H-T^'H^)) - ((«(^)) +7^"^^)) 



(a(x)) + (7«(^)-7^'"n^)) 
^(0(a.)_^(m)(a.) 



'fe=0 

O as Z,m — > +0O. 



(4"'), 



is Cauchy (fc = O, . . . , n — 1) 



3fc=d Cfe e A : lim„^+oo = Cfc (fc = O, . . . , n - 1) 
So we clearly have limm-^oo 7^'"^^^) = Sfc=o ^fe^*^ ~- 7(^) whence 

(«(x)) + 7^''"'(.t) {(xix)) + 7(.x) as n — > +oo in B. 



□ 



Having chosen a specific value of t for the cxtension we shall rcfcr to it as the parameter of the extension. 
The theorem shows that a continuüm of parameters is possible. Although we shall not investigate whether 
or not the Arens-Hoffman norm topology is the only norm topology on B which extends that on A we stop 
to prove a related remark from [7] to the effect that there is only one topological solution specified by the 
family of Arens-Hoffman norms. 

PROPOSITION 2.4 ([7]): All the norms constructed for B (indexed by t > O where > ||ao|| + ||ai||f + 

• • • + ||a„_i llt""-*^) are equivalent. 

Proof. Let tj > O {j = 1,2) with t] > \\ao\\ + \\ai\\tj H h \\a„-i\\t]~'^ (j = 1,2) and denote the 

corresponding norms on B by || • {j = 1, 2). Let ti < without loss of generality. It is enough to show 

that 3Ki,K2>Q: V f3{x) e A[x] {deg{/3{x)) <n = deg (a(a;))) 

K,\\{a{x))+(3{x)\\^^^ < \\{a{x)) + p{x)\\^^^ < K2\\{a{x)) + p{x)\\^^^ 
Let P{x) = YZ=l bkx''. Then 

n— 1 n—1 

\\{a{x))+(3{x)l,B = T.\Mt', < ^ll&fcll*^ = \\{a{x))+P{x)\\^^^ 

k=0 fe=0 

SO we can take K2 = 1. Now let r = t\/t2 and set K\ = min(r°, r, . . . , r"~^). Then Ki > O and 



\{a{x)) +p{x)\ 



1,B 



E \Mt2r'' >KiJ2 \M^2 = Ki II {a{x)) + P{x)\ 



2,S ' 



k=0 



fe=0 



□ 



2. Maximal Ideal Spaces 



We now turn to the remaining results in [1]. These concern the spaces of continuous characters on A and 

its Arcns-Hofïman extcnsion. Wc rccommcnd that the reader looks at appendix two for the dcfinition and 
motivation for studying these spaces. In particular it is explained there why we are studying the space of 
closed maximal ideals rather than all the maximal ideals. (The title of the section is therefore a misnomer, 

but intcndcd to makc the reader think along the right lincs with respect to the application of these results.) 
The content of the following lemma is not actually ncedcd but it introducés some uscful notation. 

LEMMA 2.5 ([1]): Let a{x) be a non-constant monic polynomial over A and let A[x] bc givcn onc of the 
norms above (an 'Arens-Hoffman' norm) with parameter t. Then, letting A( denote the closed disc centre 
O of radius t in C, we have (up to a homeomorphism) fi (A[a;]) = fl{A) x Aj. Also: ^[a;] is tractable if and 
only if A is tractable. 

Proof. (We fill in some of the detail behind the indcntification made in [1].) Set T:fl{A) x At ^ 
n {A[x]) ; {h, A) ^ T(/i, A) where, for j{x) = J^l^^ CkX^ e A[x\, 



T{h,\){l{x)) := /i(7)(A) ■.= Y.Kck)XK 



k=0 

T is well-dcfincd: Let j{x) G A[x] [j{x) = Y^k=o^kx'')- Then it is routine to verify that T(/i, A) is a 
homomorphism. To show it is continuous: 



\T{h,X){l{x))\ 



j]/i(cfe)A'= 

fe=0 

<ElMcfc)l|A|' 

fc=0 
fe=0 



Il7(a^)l|. 



(We used the fact, which foUows from Lemma A2.7, that, as for characters on Banach algebras, the continuous 

characters on normed algebras have norms at most 1.) 

It is also easily checked that T is a bijection; for H e ri(A[a;]) we have T^^{H) — {H o i/\ H{x)). 

Finally we show that T is a homeomorphism when Q,{A) x At is given the product topology. 

A is unital and so by A2.6, Vl{A) is compact in the weak *-topology. A( is compact by the Heine-Borel 
theorem and so by Tychonoff's theorem ^{A) x At is compact. Again from a result in appendix 2, 51 (^[2;]) 
is Hausdorff. It is therefore sufficiënt to prove that T is continuous. 

Now Q, {A[x]) has the weak topology induced by (the Gclfand transform: see appendix 2) so T is 

continuous if and only if for every ^{x) € A[x\ ^{x)" o T is continuous. 

Let 7(a;) = X;Lo e A[x]. 

^{xY O T: {h, A) ^ ^{xY (T(/i, A)) = T{h, \){^{x)) = Kck)>^^- 

k=0 

Let {hu, Xij,)fj,eM be a net in Cl{A) x At with {h^, A^) — > {h, A). So (by definition of the product topology) 

hfi — > h, Xfi — > A 



il{A) has the weak topology induced by so we have that 

y a G A a{h^) = h^{a) a{h) = h{a) 
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In particular, 

hf,{ck) h{ck) {k = O, . . . ,p), Xf^^X in At C C 

^ Y^k=o^tJ-(^k)X'^ = {"fix) O T)(/i^,A^) (7(2;) O T)(/i, A) (in C, by the continuity of addition and 
multiplication there). So T is continuous. 

It remains to prove that A[x] is tractable if and only if A is tractable. Now A and A[x] are commuta- 
tive, unital normed algebras so they are tractable if and only if the Gelfand transforms are injective (Theorem 
A2-9). First suppose A[x] is tractable. Let a & A with a = 0. Set 7(0;) = a. Then 
for each H e niA[x]) 3 ho € Aq € C : H = T{ho, Xq) 

and so ij{xy){H) = (7(x)~)(T(/io, Aq)) = T(/io,Ao)(a) = ho{a) = a{ho) = 0. 
whence 7(x)' — 0. 

But A[x] is tractable so j{x) = ax^ = O so a = 0. Therefore A is tractable. Converscly let A 
be tractable. Let 7(0;) = 'Sk^a^kX^ G A[x\ with 7(2;)' = 0. By hypothesis wc have that for every 
H e ü{A[x]) H{j{x)) = 0. Soyhe n{A),Xe At T{h,X)i-f{x)) = Yl=üKck)X^ = 0. By the uniqueness of 
the Taylor coefficients of the analytic function X)fc=o ^{'^'k)z^ on Aj wc have h{ck) — O k = Q, . . . ,p. But h 
is arbitrary and A is tractable so = O (A: = O, . . . So 7(0;) = O and A[x] is tractable. □ 

Our next result of Arens-Hoffman, again quoted directly from [1] , is the characterisation of the character 
space of the extension. We supply a proof for the convenience of the reader. To ease notation we shall write 
X for the coset {a{x)) + x from now on. 

THEOREM 2.6: 

Ü{B) = {He n{A[x]) : H {a{x)) = 0} 

= {(/i, A) e n{A) X At : h{a){X) = r{h,X){a{x)) = 0}. 

Proof. Wc can makc a similar Identification 11 : n{B) n{A) x Af. Let H E n{B). Definc h = H o v' 
(recall that u' was the natural homomorphism, i^: y4.[x] B, restricted to the constants, and is isometric). 
So /i is a continuous homomorphism A — > C. It is non-zero since h{l) = H ((a(x)) + l) = -ff (1b) 7^ 0. 
Let A = {x) (= {H O v){x)) . Then A e At since 

|A| < \\xU<\\x\\A[,]=t. 

So we have {h, A) G ^l[A) x At and moreover 

Hou = i:{h,x) (t) 

because if 7(2;) = 'YX^o ^kx'^ ^ A[x] then 

H{{a{x)) +^{x))=H{^{x))=H\j2ckA 

\fe=o / 

= H(j2v'{ck)v{xA 

\k=a / 

= j2iHoi^'){ck){Hoi.){xf 

k=0 

P 

= ^Mcfc)A'= = T(/i,A)(7(x)). 

fe=0 

We now check that 11 : iJ {H o i/\ [H o i'){x)) is injective and that 

imU = {{h,X) &n{A) X At : T{h, X){a{x)) = 0}. 
n is obviously injective because it determines the image of H on the generators (over ^4), 1 and x, of B. 
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Let {h,X) G imü; 3H G n{B) : {h, X) = {H o v' , {H o v){x)) . Prom (f), we have T{h,X){a{x)) = 
[H O v) {a{x)) = H {v{a{x))) = H{Q) = 0. 

For the reverse inclusion, suppose T(/i, X)[a{x)) = O for {h, X) G n{A} x At- Define 

H:B^C; {a{x)) + -i{x) ^ T(/i, A) (7(x)) . 

This is well-defincd: let ^i{x),5{x) G A[x] with {a{x)) +7(0;) = {a{x)) +5{x). 
=^ 7(x) - ö{x) G {a{x)) 

Tih,X){jix)~S{x))=0 

T{h,X){j{x))^T{h,X)iSix)) 
We check that G n{B) and that U(iJ) = {h,X). Let Efe=o CfeS;'' = 7(0;) G ^[x]. We shall write 7(x) 
for ELo CfeS''- Let Six) G C G C. 

H{Six) + Cjix)) = T{h, A) {S{x) + Cj{x)) 

= Tih,X){ö{x)) +CT{h,X){-f{x)) 
= HiSix)) + CHijix)). 

H{S{xMx)) =T{h,X){6ix)jix)) 

= T{h,X){S{x))T{h,X){^{x)) 
= H{S{x))H{j{x)). 

Let P{x) be the monic polynomial of degree less than n for which P{x) — j{x) G {ce{x)) P{x) = ^{x)). 
Then ||(a(a;)) +7(a;)||^ — \\(3{x)\\a[x] (see Theorem 2.3) so that 

iiï(7(x))i = \H{pix))\ = \Tih,xmx))\ < wmiui.] = urn- 

So H is continuous. Finally -ff(l) = T(/i, A)(l) = /i(l) ^ O so iJ is a character of B. Moreover, n(iJ) = 

{Hoy',{Hov){x)) and: 

VaG^ (iïoz/')(a) = iï(ax°) = T(/i,A)(aa;°) = /i(a) ^ Hov' = h, 
{H O z/)(a;) = = T{h, X){x) = X. 

Thus T(/i..A) = n(7ï). 

Finally we show that 11 is a homeomorphism onto a closed subset of il{A) x A(. Again it is enough to 
show 11 is continuous since U{B) is compact and ^l{A) x A( is Hausdorff by Lemma A2.6. By the definition 
of the product topology this is equivalent to showing that the maps 

n{B) n{A); Hou', 

n{B) ^ At; H{x) 

are continuous. The latter is simply (x) " with a restricted codomain and continuous by definition of the 
topology on Q{B). To show that the former is continuous, let {H\)\^a be a net in Q{B) with lim\Hx = 
H G Let a€A. Then i/{a) € ê so 

a{Hx O ly') = [Hx o v'){a) = i7(a){Hx) y^){H) = {H o u'){a) = a{H o u). 
Since a was arbitrary Hx o v' ^ H o v' in ^1{A). □ 

3. Discriminants and Tractability 

For the next result we need to define the discriminant of a polynomial over an arbitrary commutative ring. 
The definition below is not Standard but according to Arens and Hoffman 'agrees with classical usage'. 
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DEFINITION 2.7: Let R bc ring and f{x),g{x) G R[x]. The resultant of f{x) and g{x) is, for f{x) 



Tes{f,g) :-- 









m 

, ^ 








• ai 


ao • • • 












ai ao • • • 







bm 




■ 


ai 


ao 























b-m-l 


bo 



It can be shown (see [6] p. 325) that if iï = F, a field, res( ƒ, (?) = O if and only if a„ = = O or ƒ (x) and g{x) 
have a non-constant common factor in F[x]. In particular we have the famihar criterion from field theory 
that ƒ has a rcpcatcd root (in some extension) if and only if rcs(/. ƒ') = 0. Wc will only apply these rcsults 
over the field C. Since the first a„ can be taken outside the determinant, if o„ 7^ O one can apply the criterion 
for repeated roots to a~^res(/, ƒ') in fields: ƒ has a repeated root iff a~^res(/, ƒ') = 0. This motivates the 
definition 

DEFINITION 2.8: Let R be ring with unity and f{x) e R[x]. The discnminant of f{x) = Y2=o "-kX^ 



discr(/) := 





n 






n-1 




1 


0"n-l 


• ai 


ao 





... 









ai 


ao 


... 













ai ao 


n 


(n-l)a„_i 


■ ai 







... 





na„ (n - l)a„_i • 




dl 




... 








■ nün {n 




-1 • • • 


• • • ai 



This is a„^res(/, ƒ') when iï is a field. 

EXAMPLE 2.9: In the commutative ring R we have, for ax'^ + bx + c€ R[x], 

1 b c 

discr(aa;^ +bx + c) = 



2 6 
O 2a & 



= 6^ - 2(6^ - 2ac) =4ac-6^ 



which is reassuring (though the 1 might not lie in R here). 
The foUowing theorem is taken directly from [1]. 



THEOREM 2.10: Let A be tractable and d = discr(a) not be a zero divisor or zero. Then B is tractable. 
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Proof. See [1]. 



□ 



The following coroUary (Arens-Hoffman) is easy to apply and so useful for later examples. We reproduce 
the proof given in [1] to illustrate the use of discriminants. 

COROLLARY 2.11: Let ^ be tractable and a{x) = a;" + ao e A[x] (n > 2). Then B is tractable if and 

only if ao is not a zero divisor or zero. 

Proof. 

n n—1 



d = discr(a) 



1 O 

O ••• 

n O 



O ao O 



1 O 



n O 



O 
O 



We expand this leftwards from the rightmost ao to obtain 



n„ \n—l 



discr(a) = ((-l)"ao) 



= na. 



n^n—l 



n 



So if ao is not a zero divisor, 'riP'a!^~ is not a zero divisor and by the theorem above, B is tractable. 

Conversely suppose is a zero divisor; there exists A — {0} : aao = 0. We show that ax G nM(B), 
where M{B) dcnotcs the set of closcd maximal idcal of B, so that B is not tractable. 

Let H e M{B). By Theorem 2.6, 3{h,X) G il{A) x A* : n{H) = T{h,X) and T{h,X){a{x)) = 0. 
Therefore T(/i, A)(a;" + ao) = A" + h{ao) = 0. Also 

H{ax) = T{h,X){ax) = h{a)X. 

Now V/7, e n{A) ft(aao) = h{a)h{ao) = O 

=> Wheü{A) h{a)X"' = h{a). - h{ao) = 0. So 

A = =^H{ax) = 

A ^ O ^ H{ax) = h{a)X = /i(a)A".A-("-i) = O 
H was arbitrary so 

O^axG Pi kerH = nM{B) □ 



The last main result of the Arens-Hoffman paper is a result saying that although the Arens-Hoffman extcnsion 
obtained may not be tractable, it can always be embedded in a tractable normed algebra in which a{x) has 
a root. 

Before we can state the theorem we again need to quote somc algebraic facts. It is known that if F is 
a field and f{x) = ao -|- aix + ■ ■ ■ + o„_ia;"~^ + x^ G F[x] then the the sums, qk = qk{ao, ■ ■ ■ , a„_i), of the 
fc-th powers of roots of f{x) (fc = O, . . . , n — 1) are polynomials in the coefficients of f{x) and therefore lie in 
F (see [6] Theorem 2.20 p. 139). Given a commutative ring, A, and a{x) G A[x] we define %(ao, . . . , a„_i) 
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to bc the corresponding polynomial in oq, . . . ,an-i- Also set K{B) = r\M{B) (clearly itself a closed ideal 
oiB). Then 

LEMMA 2.12: Let the parameter t for the Arens-HofFman norm on B bc large enough that t'^ > \\qk\\ {k = 
O, . . . ,n — 1). Then the A embeds isometrically in B/K(B), via the natural epimorphism of B onto this 
factor algebra. 

Proof. Let the natural epimorphism be vb'-B — > B/K(B). It is shown in [1] that the homomorphism 
v" := Vb O v' is isometric. □ 



THEOREM 2.13 ([1]): Let A be a tractable normed algebra. Then there is a tractable normed algebra 
extending A isometrically and in which (x(x) has a root. If A is complete (so that tractability is equivalent 
to semismplicity) then i? is a semisimple Banach algebra. 

Proof. By the preceding lemma, v" is an isometric monomorphism into the normed algebra C := B/K{B). 
By Theorem 2.3, B is complete when A is so C will be a Banach algebra when A is. It is obvious that a(x) 
has a root in C; it is K{B) + x since 

a{K{B) +x) = K{B) + a{x) = K{B) 

It therefore remains to check that C is always tractable. That a normed algebra factored by its intersection 
of closed maximal ideals is tractable is true in general and proved in Proposition A2.14. □ 
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Chapter 3 

Examples and an Application of Arens-Hoffman Extensions 



1. Uniform Algebras 

Before going on to look at general questions about algebraic extensions we introducé some examples of 
normed algebras which will make useful illustrations. The material in this section is all Standard. An 
important class is given by the following: 

DEFINITION 3.1: Let X hc a non-empty compact Hausdorff space and Ahe a. subalgebra of C{X), the set 
of all continuous maps X ^ C A is a uniform algebra if 

(i) A separates the points of X (meaning that V «i, «2 e X K2 3fGA:f{Ki)^ ƒ («2)), 

(ii) the constant map, 1 E A, 

(iii) A is uniformly closed (i.e. closed with respect to the supremum norm ||/||oo ■= sup^^x \f{f^)\)- 

A more general definition can be given where X is replaced by a locally compact Hausdorff space (see 
[8] p. 36) but we shall not need this. 

EXAMPLE 3.2: Let A = {z G C: |z| < 1}. A Standard example of a uniform algebra is the disc algebra, 
Aa ■= {ƒ e C(A) : ƒ is analytic on A°}. (We use E° to denote the interior of a subset, E, of a topological 

space.) 

An extremely useful object associated to any uniform algebra is defined through 

THEOREM 3.3: Let A be a uniform algebra on X. Thcn therc exists a unique minimal closed set, S{A) C X 
with the property that every f € A attains its supremum on S{A). 

Proof. We refer the reader to [8] p. 37. □ 
DEFINITION 3.4: The set S{A) is called the Silov boundary of A. 

EXAMPLE 3.5: For the disc algebra, S{A) C dA by the maximum modulus principle. On the other hand, 
let e e (-TT, tt] and set f{z) = (i) (1 + e'^'^z). Then ƒ e A but it is easy to see that |/(.2)| = 1 = || ƒ || only 
occurs for z = e^^ . Therefore S{A) = dA. 

The next Standard result will frequently be referred to. 

THEOREM 3.6: Let A be a uniform algebra on X and e:X ^ ^{A); k ^ e^, where Vk e X e^-.A^ 
C; ƒ f{K). Then £ is a homeomorphism onto a closed subset of ^{A). 
Proof. The map is well-defined: let k € X. 



A,XeC 



e.{f + Xg) = (ƒ + Xgm = ƒ(«) + Xgi^) = 
= if9){K) = f{i^)g{K) = e4f)e4g) 
e«(l) = 1^0, 



£«(ƒ) + X^Kig) 




as required. 



Since ƒ is continuous, 
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Since A separates the points of X this implies that k = k' . So £ is injective. But Q.{A) is HausdorfF (sec 
Al. 4) and X is compact so the result foUows. □ 



We therefore have that each ƒ G Af (which is defined on Vt{A) <^ X) extends ƒ in the sense that f o e = f. 

DEFINITION 3.7: A uniform algebra on X is natural (on X) if the above map, s, is surjective. 

EXAMPLE 3.8: The disc algebra, Aa, is natural. Let oj e ^(Aa). Set v = uj{z) where z = iÓa- Thcn 
u) = Ey. To prove this we quote without proof the Standard result that Aa = -P(A), the uniform closure 
of the algebra Polc(A), the polynomial maps A — > C with complex coefEcients. So for al\ f G A3 (p„) C 
Pot(A) : pn ƒ {n +oo). Now oj is continuous so u){f) = lim„_>+cx3 w(Pn)- 
But for p{z) = X^fcLo '^kz'^ ë Polc(A) we have 

m 

'^ip{z)) = ^ ak(jj{zf = p(w(z)). 
fe=o 

Thus 

ui{f) = lim Pn{<^{z)) = f{v) = Sy{f). 

n— *+oo 

Finally one last Standard property of uniform algebras we shall need: 

PROPOSITION 3.9: Let Ahe a uniform algebra on X. Then A is semisimple.* 
Proof. By Theorem 3.6, X ^ n{A) so by Al.3, 

f]M{A)C f]keTS^ = {f€A:yK€Xs^{f) = f{K) = 0} = {0}. □ 
Kex 



2. Completions of Normed Algebras and Tractability 

The novel condition of tractability featured heavily in the Arens-Hoffman paper but does not seem to be 

commonly used in the literature. One might at first think that this is because completingf a tractable 
normed algebra gives a semisimple Banach algebra. But we shall show (drawing on results in chapter 1) that 
this is not always true. This is our first application of Arens-Hoffman extensions to questions other than of 
algcbraic extension. This work is due to Lindberg. 

There are also lots of other questions which spring to mind. Dr. Feinstein was immediately led to ask 
whether the operations of forming an Arens-Hoffman extension of a normed algebra and taking its completion 
commute. This is stated in [9] for quadratic Arens-Hoffman extensions; we now prove the general case which 
has apparently not been discussed elsewhere. The first part of Lemma 3.10 is a purely algebraic result. 

LEMMA 3.10: Arens-Hoffman extensions satisfy the following universal property. Suppose 9:A2 B2 
is a unital algebra extension and that Ai is another unital algebra. Let ai(x) e Ai[x\ be monic and 
Bi = A-[[x\/ {a\{x)). Let (^0 be a homomorphism Ai — !■ A2 and ?/ e B2 be a root of «2 := (l)o{a){x). Then 
there is a unique homomorphism (j): Bi B2 such that 




A, ^ A2 



* See appendix 1. 
t See appendix 2. 
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is commutative and such that (^(x) = y. 

li Bi:Ai,B2: A2 are normed and unital with Bi having an Arens-Hoffman norm then is continuous if 
6, <^o are continuous. 

Proof. Let n = dcg {ai{x)). Recall that every coset of Bi has a unique representive of degree less than n. 
For p{x) = Efelo hx'' e Ai[x] define 



= ö'(/3)(y) 



where 6' := 6 o ^q. Thus (j)oi/' = O o(j)Q, and in particular ^ maps the unity of Bi to the unity of B2. 
Let p{x) = Y2=l hx'' e Ai[x],^{x) = J^kZo CkX^ e Ai[x\, and A e C. We have 



,n-l 



</.(/3(S) + \^{x)) = (t> \^^^^ (cfe + A4)a;'= 

w — , n— 1 , 
^ — ^k—O 



= </.(/3(S))+A(</.(7(x)) 

To show that 6 is multipUcative remember from Lemma 2.1 that there is a unique r{x) G Ai[x] : deg(r(a;)) < 
n and 3q{x) e Ai[a;] : 

r(a;) = l3{x)-f{x) + q{x)ai (x) (f) 

Applving the natural epimorphism, Ai[x] — > Bi, to (f) we obtain r{x) = (3{x)'){x). Thus (j){P{x)^{x)) = 
<^{r{x))=e\r){y). 

On the other hand 6' induces a homomorphism of the polynomial algebras: 

e'^:A^[x] ^ B2N; 8{x) ^ e'{5){x). 

Applying 9'^ to (f) gives 9'{r){x) = é''(/3)(x)é''(7)(x) + O' {q){x)0' {ai){x). FoUowing this by the evaluation- 
at-y homomorphism gives 0'{r){y) = 9' {(3){y)9' {'y){y) = (j){(3{x))(j){'y{x)) as required, since we assumed 

0(0o(ai))(y) = 0. 

Uniqueness of is obvious since 1, x generate Bi over A. 

If Ai,A2,B2 are normed and 9,(j)o are continuous (bounded), let f > O be a suitable parameter for 
the Arens-Hofïman norm on Bi. By assumption 9 is also continuous so 9' is continuous. For arbitrary 
l3{x) = J2k=o ^kx'' e Ai[x] we have 



wmxm 



En— 1 , 



< 



'fc=0 
,ra-l 



X ^n — 1 , 

= M||/3(x)||, 



where M = ||ö'||maxfe=o,...,n-i > O- So ^ is continuous. 



□ 
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COROLLARY 3.11: Let Ai, A2 bc commutativc unital algebras and (f>o bc an algebra homomorphism Ai 
A2. Let ai{x) e Ai[x] be monic, «2(2;) = (/>o(ai)(a;), and be the canonical embeddings Ai — » Bi := 
Ai[x]/ {ai{x)) ; a 1-^ {ai{x)) + a {i = 1, 2)*. Then there is a unique algebra homomorphism (j) : Bi ^ B2 
with (j){x) = x and such that the following diagram commutes: 




If Al, ^2 are normed (unital), Bi,B2 being given Arens-Hoffman type norms, and if (j)Q is continuous, then 
is continuous. □ 



LEMMA 3.12: Let Ai {i = 1,2) be commutative unital normed algebras and (j>o be an isometric monomor- 

phism Al — > j42. Let ai{x) G j4i[j:] be a monic polynomial, a2{x) = (l)o{ai){x). Then wc can form the 
Arens-Hoffman extensions Bi = Ai[x]/ {ai{x)) {i = 1,2) of Ai{i = 1,2) using the same norm parameter. 
Moreover if (p is the unique homomorphism extending (po in the above sense and sending x x then (p is an 
isometry and has dense image if (po does. 

Proof. Let t > O satisfy > J2k=o \\^k\\t'^ where ai{x) — ao + ■ ■ ■ + an-ix"~^ + x^. Now «2(2;) = 

<?^o(fio) H \- (po{o-n-i)x'^~^ +a;" and J2k=o \\'Po{(ik)\\t'' = J2k=o Ik^ll*'^ — same parameter for the 

norm of B2 can be used. In the same way, cp must be an isometry: V/3(a;) = X^^Zg bkx'' G Ai[x] we have 



wmm = 



n-1 



Now suppose imcpo is dense in A2. Let £ > O, and J2k=o^'k'^'' ^ -^2- Let M = max;;=o,...,n-i(i'^)- By 
assumption, 3 cq, . . . , c„_i e Ai : WM^k) " 411 < (A; = O, . . . , n - 1). Thus 



En-l 
fe=0 

n-1 



||</>o(cfc)-c'JU'= 



< 



\nMJ 



which shows that imt^ is dense in B2. 
We are now ready to prove: 



□ 



THEOREM 3.13: Let A^ be an Arens-Hoffman extension of A where a{x) is a monic polynomial over the 
commutative unital normed algebra A as usual. Then with the same Arens-Hoffman norm parameter, t, we 
can form the Arens-Hoffman extension of the completion, A'^, of A. Let this be denoted (^4'^)^. Moreover 

{A~u = (Aar. 

Proof. Let (j4'",i) be a realisation of the completion of A. By the lemma above we can form the Arens- 
Hoffman extension {A"")a '■= A^[x] j (?'(q!)(.t)) using the same value of t for the norm function. Moreover, 
by Lemma 3.12, i extends to an isometric monomorphism A^ (A~)a with dense image. The result foUows 
from the uniqueness of completions. □ 

Having estabished Theorem 3.12 it makes sense to consider which implications hold between the following 

statements: 
(a) .4 is tractabk 



* Strictly we should use different symbols for the inderminates of the two polynomial algebras. 
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(b) (An)"" is scmisimplc. 

Answers to these can be found from results in [9] and [7]. We first indicate why (b) (a). 

THEOREM 3.14: Let a{x) be a monic polynomial over A and suppose (^a)" is semisimple. Then A is 
tractable. 

Proof. By Theorem 3.13 we have that (^~)a is semisimple. It will be proved in chapter 5 (CoroUary 5.8, 
though it is obvious from Theorem 2.6, or sec [7] for a stronger result) that this implies that vl~ is semisimple. 
It now foUows from Proposition A2.6 that A is tractable. □ 

Finally we give an example to show (a) (b). 

THEOREM 3.15 ([9]): Thcrc cxists a tractable normed algebra, A, and a monic polynomial, a{x) G A[x] 
such that {Aa)^ is not semisimple. 

Proof. The key result used here is Corollary 2.11. The idea of the proof (due to Lindberg who gives a general 

class of countcrcxamplcs in [9]) is to choosc A and a{x) = — oq G A[x] so that on complction A rcmains 
tractable but ao becomes a zero divisor so that {A"')a is not tractable (which is equivalent to semisimplicity 
in Banach algebras). 

Let Aa denote the disc algebra. Set K = [5, 1], J = K[j{0}. Aj^ is tractable by Proposition 3.9. Define 

ƒ: J — yC;w 

ƒ is continuous on the compactum, J, so by the Stone-Weierstrass theorem, there exists a sequence, (ƒ«), of 
(real) polynomials which converges uniformly to ƒ on J. 

Considcr the subalgcbra A :— Aa\j {■— {g\j '■ g E ^a})- lts closure, A, in C(J) is a realisation of A. 

For w £ J we have G Q{A). As in Proposition 3.9 we have r\M{A) C f\^^jker Syj = {0} so that A 
is semisimple. The same observation shows that A is tractable. 

Now let ƒ0 be the inclusion map J ^ C. We have 




fnfo 



1 uniformly on K, 
O uniformly on {0}. 



So fnfo Co & A {n +00) where eo is the characteristic function of K (in J). We have ei := 1 — eo G A. 
Prom this definition we read ofï that ei/o = Oj. Since ei,/o 7^ O, ƒ0 is a zero divisor in A. Hence by 
Corollary 2.11, A[x]/{x'^ — fo) is not tractable. This means (since it is complete by Theorem 2.3) that it is 
not semisimple. 

But by Theorem 3.13 we have A[a;]/(a;2 - ƒ0) = {A[x]/{x'^ - ƒ0)) ~. □ 



COROLLARY 3.16 ([9]): The complction of a tractable normed algebra need not be semisimple. 
Proof. In the above example, A[a;]/(a;^ — ƒ0) is tractable because ƒ0 is not a zero divisor in A. (To see this 
suppose fogo = O for go G A. Let go = g\j where g € Aa- We have {zg)\j = O whence zg = Ohy the identity 
principle. So g is zero on A — {0} and therefore everywhere (by continuity).) □ 
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Chapter 4 

Cole's Construction 



1. Algebraic Extension of Uniform Algebras 

We describe a construction for adjoining roots of monic polynomials to a uniform algebra. It was formulated 
by Cole in [10] for square roots but gcncralises easily to arbitrary monic polynomials. The generalisation is 
very slight and appears to be known to Lindberg (it is implicit in [11]) although the details do not appear 
in the literature. It is interesting for us because it shows we do not have to leave the category of uniform 
algebras to adjoin the roots whereas Arens-Hoffman extensions only guarantee the existence of commutative 
Banach algebras with the desired properties. 

Perhaps more immediately striking is that this method allows for roots of arbitrary sets of monic 
polynomials to be added all at once. 



Throughout the rest of this chapter A will denote a uniform algebra on the compact Hausdorff space, X. U 
will be a fixed, non-empty set of monic polynomials over A. When using a{x) as an index we will drop the 
indeterminate. Let each a{x) eUhe given by a{x) = f^"^ + --- + + a;"(«) for {n{a))^^^ C N 

and f^"^ f^"^ f= A 



THEOREM 4.1: There exists a uniform algebra, A^ , and an isometric monomorphism, tt*:A—^ A^ such 
that \/a{x) GU3f gA'^ : 7r*(a)(/) = 0. 

Proof. (Cf. [10].) Let y = X X and give Y the product topology. Let 

TT-.Y^X 

Pa- y — > C; (k, A) I— > Xa 

be the canonical projections. Let tt* be the induced homomorphism A C{Y) ; ƒ i-^ ƒ o tt. Since n is 
surjective n* is isometric. Set 

X^ -.^{yeY: VaeC/ (7r*(a)(p„))(y) = 0} 

= {yeY:yaeU (tt* (ƒ("') + • • • + 7r*(/ ^g^^ + p'^) (y) = o} 

= {(«,A) e F : Va e t/ ƒ(")(«)+••• + 4g)_i(«)AS(")-i + A^^") = o} . 

By the fundamental theorem of algebra (and the axiom of choice) is non-empty; for every k G X we 

can choose Aq e C : /o"^(k) H h /^"1)_i(k)AS^"^ ^ + Xa^"^ = O {a G U). X^ is Hausdorff because it is a 

subspacc of a Hausdorff spacc (products of Hausdorff spaccs are Hausdorff). 

To show X^ is compact we require a lemma. Suppose cq, . . . , Cm-i € C, A G C, |A| > 1, 
Co + • • • + c^-iA™-! + A™ = 0. By assumption, - A™ = cq + • • • + c^.iA'"-^ 

Hence jAj™ = |co + • • • + c„_iA™-i |. 

Erom which \X\^ < \co\ + ■■■ + |c„_i||A|"-i < |co||A|'"-i + • • • + |c™_i||A|'"-i (since|A| > 1). 
And so |A| < |co| H h |cto_i|. 

Hence V(/t,A) eX*^ Va e [/ |Aa| < 1 or |Aa| < 



En 



n(a)- 




n(a)- 




Jk 



(a) 



Hence 
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which is compact by TychonofF's thcorcm. Now by dcfinition, is the intersection of a family of zero sets 
of continuous functions and so closed. It foUows that is compact. 
Prom now on we shall now write ir* ,Pa for their restrictions to X^ . 

Now dcfinc to bc the closed subalgebra of C{X^) gencratcd by 7r*(A) U {pa '■ en G U}. So tt* is an 
embedding into this uniformly closed subalgebra of C{X^). Clearly p„ is a root of a{x) for each a{x) G U. 
So to complete the proof it remains to check that separates the points of X^ but this is obvious because 
A separates the points of X. □ 

We include one result on the general properties of such extensions. It is explained in [10], at least for square 
roots, that the operations of passing to the maximal ideal space of a uniform algebra and forming a Cole 

type of cxtension commute. We prove a special case here. 

THEOREM 4.2: Let A be natural. Then A^ is natural on X'^ . 

Proof. (cf. [8] p. 195) Let the canonical embeddings X n{A), X^ n{A^) be denoted by e, rj 
respectively. We must show that r] is surjective, given that e is. Let f e Q^A^). Consider uj :— ifOTr*:A C. 
It is a unital homomorphism since it is a composition of them; in other words u) € il{A). By hypothesis 
3k G X : u) = Ek- Thus 

VheA ip{-K*{h))=h{K) 
Now VaGlJ 7r*(/^"^) H h 7r*(/^"^)_^)p2^"^~^ = O, so applying (p to this equation gives 

Hence y := {k,X) € X^ where A = {ip{Pa))a^u- 

Let g € A^.There is a sequence of polynomials with complex coefhcients in the generating clements, 
Tr*{A)U{pa ■■ aGU}, with gn ^ 9 {n ^ +oo). Explicitly let ff„ = G„ {n*{hi), . . ■ ,Tr* {hi(n)),Pai, ■ ■ ■ ,Pan^)) 
for a non-decreasing sequence {l{n))^^^ C N and C A, (a„) C U. Then 

ip{g) = ^p[ lim gn 
= lim ^p{gn) 

n—*-\-oc 

= lim Gn (/li(K;),...,/l;(„)(K),(/3(paJ,...,(/3(pa,(„))) 

= lim G„(7r*(/ii)(ï/),...,7r*(/i((„))(y),pai(ï/),...,pc.H„)(y)) 
= lim gn{y) = g{y). 

n— J-+00 

So(p = rjy. □ 



2. Comparison of Extensions 

We would now like to compare the two methods of extending a uniform algebra so as to inlude a root of the 
polynomial a{x) G A[x]. To do this systematically we modify the appropriate definitions from field theory. 

DEFINITION 4.3: Let Ai, A2, Bi, B2 be commutative algebras with unities and 9k- Ak Bk be unital 
monomorphisms {k = 1, 2). Let (po: Ai ^ ^2 bc a unital isomorphism. Then Bi: A2 and B^: Ai are isomor- 
phic extensions if there exists a unital isomorphism (f>: Bi B2 making the foUowing diagram commute: 




A, ^ A2 
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li Al = A2 = A and 4>q = 'kIa tlic^n wc shall say that _Bi, B2 are isornorphic over A and writc Bi =a -82- 

If Al, A2, Bi, B2 are normed unital algebras and 9i,02 are continuous and 4'o,4' homeomorphisms, 
Bi:Ai,B2:A2 will be called topologically isornorphic extensions. If all maps are isometries then Bi : Ai , B2 : A2 
will bc said to bc isom,etrically isom,orphic extensions. 
All the remaining results in this cliapter are apparently ncw. 

EXAMPLE 4.4: Let bc the disc algebra and a{x) — x'^ ~ z where z = Let A' denote the extension 
generated by Cole's method; A' is the closed subalgebra of C{X') generated by tt* (^a) U{pc«} in the notation 
from above where X' = {(«, t;) e A x C : v'^ = u} = {{v^ ,v) : v € A}. 

Let Ac denote the corresponding Arens-Hoffman extension. Lemma 3.10 shows that 

(l):A„^A'; f + gx ^ w* (f) + n* {g)pa 

is a homomorphism whose image is clearly a dense subspace of A' . It will foUow very easily from a result in 
the next section that (/> is a topological isomorphism Aa — > A' over ^a (the hard part of this is to show that 

(p is surjective). 

We could therefore renorm Aa so as to make (j) an isometry. But the resulting norm will not be an 
Arens-Hoffman norm for any choice of norm parameter t > 0. 

To see this, supposc f > O is such that || ƒ + gx\\ = \\f\\ + \\g\\t defines a norm on A^ so that ^ is an 
isometry. We must have 

t = ||x|| = = llPall = SUp \pa{v'^,v)\=SUp\v\ = l. 

(v^,v):vGA veA 

But now let ƒ = {^){z + l),g= {l){z - 1). We must have 

\\f + gx\\ = \\n*{f)+n*ig)pa\\ 

= SUp I (tt* ( ƒ ) + TT* {g)Pa) («^ , V) \ 

= sup \fiv^) +vg{v^)\ 

veA 

for some 6 G (— tt, tt] by the maximum modulus principle. Thus 

\\f + gx\\ < I /(e^'^)! + \g{e'^')\ = (1/2) (je^^^ + l| + je^^^ - l|) (f) 

r |e2»« + 1| < 2 unless 6» = O, tt, and 
Now < 

[|e2»^-l|<2 unless 6» = ±f, 
so (t) shows that 2 = || /|| + \\g\\ = || ƒ + gx\\ < (2 + 2)/2 = 2, a contradiction. □ 

3. The Cole-Feinstein Conjecture 



In this section A will be a uniform algebra on the compactum X {'{A,X) is a uniform algebra'). We shall 
write {A",X") for the simple Cole extension (A't"^, X'f"}). The corresponding Arens-Hoffman extension, 
A[x]/ {a{x)) , will be denoted A^ or B as usual. 



It is easy to give examples where A" ^ Aa. For instance, A of Theorem 3.15 is obviously a uniform algebra 
on J but there was a monic polynomial over A for which the Arens-Hoffman extension was not semisimple 
so it could not be isomorphic to a Cole type of extension because those are semisimple (Proposition 3.9). 
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More gcncrally, by CoroUary 2.11, A[a;]/(a;^ — fo) cannot be isomorphic to a uniform algebra if /o S A 
is a zero divisor or zero. 

However Theorem 2.13 states that factoring the Arens-Hofïman extension by its radical, K{B), leads 
to a scmisimplc isomcitric cixtcnsion of A. (Rcmcmbcr that uniform algcbras are c;omplctc so B is always 
complete and so semisimplicity is equivalent to tractability then.) The proper question to ask is therefore 
whether or not we always have B/K{B) =-. C = A°'. B. J. Cole and J. F. Feinstein conjectured that this is 
true but we shall show that there are counterexamples. 

Recall that there is a continuous injection e: X — > Vt{A) and that (modulo 11) 

rt{B) = {{h, X) e n{A) X At : T(h, X){a{x)) ^ 0} 
= {{h, A) e n{A) X At : V""' h{ak)X'' = 0}, 

^— 'fe=0 

where t > O is the Arens-Hoffman norm parameter. We exploit the strong resemblance of this with 

X" = {{k, X)eXxC: aoin) + ■■■ + a„_i(K)A"-i + A" = 0} 

Now t only had to satisfy t" > Y^^Zo \\'^k\\t'' so wc can assumc t > max(l, ||ao|| + • • • + ||a„_i||). Therefore 
by the lemma in the proof of Theorem 4.1 we have that for every (k, A) G X"|A| < t. We summarise: 

LEMMA 4.5: p: X" ^{B); (k, A) JI~^{eK, A) is a homcomorphism onto a closcd subspace of 
Proof. Since 11 is a homcomorphism it is cnough to check that the map {k, A) i-^ (e^, A) is a homcomorphism 
onto a closed subspace of Cl{A) x Aj. (The map is well defined by the comments above.) The codomain is 
Haiisdorff and X" is compact so wc only nccd to check injcctivity and continuity. Since e is continuous and 
injective the map composed with each of the canonical projections onto fl{A),At has these properties and 
the result follows. □ 

p induccs a map p*:C{fl{B)) — > C(X"); h hop. This map is clearly a (unital) homomorphism. We 
first show that it restricts to a map B A" whcrc B (C C{n{B))) is the image of the Gelfand transform, 
T: B ^ B. By the fundamental isomorphism theorem, F induces an isomorphism F: B/K(B) —^Boi norm 

liril < 1. 

LEMMA 4.6: p*{ê) C A". 

Proof. A typical element oi B is b = /3{x) where /3(x) = Xlfc=o ^kx'^ G A[x]. We must show that p*{b) = 
bopGA". 

Let (k, A) e X". Please refer to Theorem 2.6 for the notation used. 

[m°p) (K,A) = /3(i^)(n-i(£«,A)) 
= (n-i(£,,A)) im) 

= T(e«, A) iP{x)) (by Theorem 2.6) 

En— 1 , 

En— 1 , 
■K*{bk){K,X)pa{K,X)'' 
fe=0 

Thus p*{b) = Efelo ^*ih)pi e A-. □ 
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We can therefore considcr p* to bc a contractivc homomorpliism B A" . Morcovcr sincc A" is generated by 
imTT* U{pa}, p* has dense image. The last line of the abovc proof allows us to summarise with a commutative 
diagram: - 

B/K{B) è A" 

A 

There is one immediate positive result: 

PROPOSITION 4.7: Let A be natural on X. Then A" = (S)" (isometric isomorphism). 

Proof. In tliis case e is a homcomorphism so p is surjcctivc. Hcncc for b € B, ||p*(6)|j = ||&o p\\ = \\b\\ 
and p* is an isometry. Now the unique continuous linear extension of p* to p*: {B)~ — » A" is thcrcforc also 
isometric. But {B)~ jA" are complete and imp* = A°' so p* is surjective (considered as a map (B)^ A"). 
□ 

It is therefore desirable to know when B is closed in C{fl{B)) (i.e. complete in the sup-norm). For natural 
uniform algebras this has been worked out by Heuer and Lindberg in [12]. (First recall 

DEFINITION 4.8: a G A is a topological divisor of zero if 3 C A: Unü — > O (n — > +oo) with Vn e 
N = 1) 

THEOREM 4.9 ([12] p. 338): Let A be a natural uniform algebra and B — Aa an Arcns-HofFman extension. 
Let d := discr(a(a;)) not be a zero divisor. Then B is sup-norm complete if and only if d is not a topological 
divisor of zero. 

We therefore have: 

COROLLARY 4.10: Let A be natural and d not be a zero divisor. Then A" = B d is not a topological 
divisor of zero. □ 

To give examples of this situation there is a further equivalent condition available: 

THEOREM 4.11 ([13] p. 137): Let A be a uniform algebra and d G A. Then d is a topological zero divisor 
if and only if d has a zero on S{A). 

Before going on, note that the condition on d in CoroUary 4.10 is quite strong; if d is not a zero divisor then 
by Theorem 2.10, B is already semisimple. Therefore we can prove the following 

THEOREM 4.12: Let ^ be a natural uniform algebra. Then B and are topologically isomorphic exten- 
sions of A if d is not a topological zero divisor. 

Proof Supposc d is not a topological divisor of zero. By Theorem 2.10, K{B) — {0} so that B/K{B) = B 
(to isometric isomorphism). By Proposition 4.7 and Theorem 4.9, A" = {B)~ and {B)~ = B. By Banach's 
isomorphism theorem, F is a topological isomorphism B/K{B) — > Ê. □ 

Thus for example, for the disc algebra, Aa, and a{x) = — z vie have discr(a(a;)) = Az (see example 2.9) 
which does not vanish on S'(Aa) = 9A (example 3.5) so that Cole's extension is topologically isomorphic to 
the Arens-Hoffman extension. 

Wc have not yet found a counterexample to the Cole-Feinstein conjecture although we do now know that if 
T is a topological isomorphism such that the following commutes 

B/K{B) A" 

"u" (t) 

A 
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and T{K{B) + x) = pa tlicn T = p* o T. This forces p* to bc both injcctivc and surjcctivc. p* is always a 
contraction so if B is not uniformly closed (i.e. closed in the sup norm) then (when A is natural) we would 
have a continuous algebraic isomorphism B {B)~ which seems strange but not impossible. However for 
our situation this cannot happen and I am vcry gratcful to Dr. Feinstein for pointing out the foUowing result 
to me which is an elementary exercise in uniform algebras: 

LEMMA 4.13 (Dr. Feinstein): Suppose that {Bi, \\ ■ |ji) is a commutative semisimple complex unital Banach 
algebra and that {B2, \\ ■ ||oo) is a uniform algebra. Suppose that T:Bi B2 is an algebra isomorphism. 
Then Bi is topologically isomorphic to its the Gelfand transform. In particular Bi is complete in the sup 
norm. 

Proof. Since B2 is a uniform algebra we have for each f £ B2 ||/||oo = hm„^_|_oo ||/"||<^- Now T induces a 
second norm, |-| on Bi defined by 

VöeSi |6| := ITOIU = hm \\T{bni 

n— >+oo 

= hm ||T(6")||i 

n— »+oo 

= lim \b"\K (t) 

n— >+oo 

In this way, is an isometric isomorphism (-02,11 ' lloo) ^ (^iil'D- Since B2 is complete, (_Bi,|-|) is 
complete. Hence by the (commutative) uniqueness of norm theorem, |-| and || • ||i are equivalent norms. 
Now Bi has the sup norm inherited from C{fl{Bi)) and by Corollary Al. 8 for b G Bi we have 

= lim ||6"||f. 

n— >+oo 

Since |-| and || • ||i are equivalent norms it foUows easily from (f) that the Gelfand transform is continuous 
and bounded below as a map from {Bi, |-|) and so also from {Bi, || • ||i). □ 

We now come to our main result allowing for counterexamples to the Cole-Feinstein conjecture to be found 
very easily. 

THEOREM 4.14: Let ^ be a natural uniform algebra and d = discr(a(.T)) bc a topological divisor of zero 
in A, but not zero or a zero divisor. Then there does not exist an (algebraic) isomorphism B/K{B) A". 
Proof. Suppose A and d satisfy the hypotheses above. Since d is not zero or a zero divisor, B is semisimple 
by Thcorcm 2.10. So K{B) = {0} and B is isometrically isomorphic to B/K{B) whcrc the lattcr spacc has 
the quotiënt norm. Suppose for a contradiction that there is an isomorphism T:B^ A". By Lemma 4.13, 
B must be complete and this contradicts Theorem 4.9. □ 

So for example letting A = A^^, the disc algebra, and fo = z — 1, a{x) = — fo we have that d = 4,{z — 1) is 
not a zero divisor or zero but is a topological zero divisor (by Theorem 4.11). So by the last theorem, B/K{B) 
and are csscntially different hcrc. [By Proposition 4.7 there is however an cmbcdding B /K{B) ^ A".] 

We close this chapter by remarking that a condition on a(x) commonly occurring in the literature 
('separability') on the type of polynomial considered excludes examples like this one. 
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Chapter 5 

Integral Closure of Banach Algebras 



1. Introduction 

In field theory it is well-known that algebraic closures exist. These are field extensions which contain roots of 
all polynomials over themselves. In ether words thcrc; is iio nccd to find further extensions in order to adjoin 
roots. In the same way one can obtain extensions which are closed under taking roots of monic polynomials. 
More prcciscly: 

DEFINITION 5.1: Let A he a. commutative algebra with identity. A is integrally closed if for every monic 
a{x) e A[x] 3^ G A : a{^) = 0. If B: A is an algebra extension and B is integrally closed then B is an 
integral closure of A. 

Note that we do not ask (here) that every monic polynomial 'splits' completely into Uncar factors in an 
integral closure; for results on this problem see [7]. Nor do we ask that integral closure be in any sense 
minimal here. 

The main theorem in this section is that every Banach algebra has an integral closure (in the same 
category). At the moment we can only adjoin roots of finitely many polynomials at a time so our first task 
is to extend this method. Lindberg has made a study of this in [11] so we are reporting his results. 



2. Standard Extensions 

Let U C A[x] be any non-empty set of monic polynomials where A is a commutative algebra with unity. 
We follow Lindberg by obtaining an algebra extension in which every polynomial in U has a root and then 
consider the case when A is normed. 

DEFINITION 5.2 ([11]): Let B: A be an algebra extension and U C A[x] a set of monic polynomials. B: A 
is callcd a standard extension if there exists a well-ordering, <, on U (with cüq = inf J7) and intermediate 
subalgebras, {Ba)aeu such that 

(i) ^ = UaeC/-Ba 

(ii) y a,[i &U a < (3 ^ Bfs: Ba (with respect to inclusion) 

(iii) yaeU Ba Aa[x]/{a{x)) where 

[ U/3<a ^0 ao<a 

Aa \ 

{A ttQ = a. 

(Warning: wc are using Aa to mcan something different to in prcvious chaptcrs.) Rccall that the notation 
in (iii) means that there is an isomorphism (j>a- Ba Aa[x]/ [a{x)) satisfying (pa{a) = t'a(^) i*^ ^ ^a) where 
v'a is the usual embedding Aa — > Aa[x]/ (a{x)) . It is clear that Arens-Hoffman extensions are standard 
extensions and that the embedding lemma can be used to construct standard extensions from any finite 
sequence of Arens-Hoffman extensions. We should also warn the reader that the definition in [11] is slightly 
more general in that it allows the polynomial, a{x), generating each intermediate subalgebra, Ba, to have 
coefficients in Aa rather than A. 

THEOREM 5.3 ([11]): Let A bc a commutative algebra with uuity and 7^ [/ C A[x] a set of monic 
polynomials. Then there exists a standard extension, Bu:A, in which every a{x) £ U has a root. 
Proof. (We follow the outline in [11] and supply extra details for the convenience of the reader.) By the 
well-ordering principle there exists a well-ordering, <, onU. Let ao = iniU. We shall need to refer to some 
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results from set thcory in the course of this proof. These are given in appendix 3 to avoid cluttering this 
proof, but the reader may wish to glance at it now to check notations and conventions. 

First we require a set, S, with #5 > #^4 and A c S. (For example P{A) U A could be used for S.) Let 
Q be the set of all maps from initial segments of U to 'P{S): 



Q:=Map(C/,P(5))U |J Map ([«o, «), ■ 



{U is an initial segment by convention.) We now let 

(i) Va e dom ƒ /(a):Aw.r.t. inclusion 

(ii) Va, /3 e dom/ a < /3 => /(/3): /(a) w.r.t. inclusion 
M:={ f&Q: (üi) V/3 e dom/ /(/3) ^j^^^ /(/3)[a;]/(/3(a;)) where 

:= U ƒ (a) if ao < /3 and /(/3) := ^ if «o = 

a</3 

Note that (i) implies that f{a) carries an algebraic structurc. Really what wc have written is not adequate, 
but it is consistent with the universal abusc of language when speaking of 'the algebra A' . An algebra 
is strictly a 4-tuple, {A, S., S^xa), where S+,S. <Z [A x A) x A^S^xA Q {¥ x A) x A define addition, 
multiplication and the action of the field on A. (If A is normed there is also a fifth component, 5*11.11 C ^ x M_|_ 
determining the norm map.) So it would be more correct to consider a suitable subset of maps, /, into 

5 X P(5 X 5 X 5) X P(5 X 5 X 5) X P(F X 5 X S), 

but this level of formality is not appropriate here. 

Af 7^ for the trivial map, 0, the single element of Map([ao, «0)1 'PiS)), belongs to M. (The reader can 
be assured that the 'inductive step' in the proof below will make it clear that there are non-trivial clements 
in M.) For f,g € M define 

f<g dom/ C domg A ffldom/ = /• 

This clearly defines a partial ordering on M. Suppose 7^ L C M is totally ordered. Now U/gl dom / =: D 
is an initial segment of U for if Z? C [/ we have D = [ao, a) where a = inf(C/ — D). In either case we can 
define g:D^ PiS) by a /(a) where f G L,a G dom/. This is well-defined by the assumption on L and 
easily chcckcd to be a member of M. Since g is an upper bound for L, (M, ^) is inductively ordered. By 
Zorn's lemma there is a maximal element, ƒ € M. 

Suppose dom ƒ C U. We shall show that this leads to a contradiction and then use / to define Bjj- 

Let a = inf({/ — dom/) so that dom / = [ao, a). Set 

Aa • = 

Thus Act is an algebra extension of A when it is given the obvious structure (which is well-defined by the 
conditions in M). 

We claim that #^c« = Now since U C A[x] and #A[x] = #A (Lemma A3.4) it is enough (Lemma 
A3.3) to show that V/3 < ao #f{(3) = #A. This we do by transfinite induction. 

Let J — {P < a: #f{l3) = #A} and suppose [ao,/?) C J. 

Now ƒ(/?) ^ /(/3)[x]/(/3(x)) so #ƒ(/?) = #/(/3)[a;]/(/3(x)). Recall from chaptcr 2 that sinee f{f3) is a 

dog(/3(x))-l 

commutative ring with unity this factor algebra is identifiable setwisc with x f\P)- This last set has 

fe=0 

cardinality ii^f{(3) by Lemma A3.2 (all our algebras will be infinite). But by definition of /(/3), the inductive 
hypothesis, and Lemma A3.3 again, #ƒ(/?) — #A. Therefore (3 G J and the claim foUows from the principle 
of transfinite induction. 
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Now form B'^ := Aa[x] / (^a{x)'j . By the claim and by the same reasoning as for the factor algebra 
considered just above, #-B^ = #A. Let i^' be the usual embedding of into this algebra. We shall need a 
variant of the embedding lemma to complete the diagram below: 

B'^ > B^CS 

A 

By assumption, #5 > #A = #A„ so #{S - Aa) > i^A = > - imu'). Let i be an injection 

B'^ — imiy'^S — Aa ■ Define the subset fi (a) := im i (jAa and let it have the algebraic structure determined 
by the induced bijection B'^ fiict). Thus fi{a) is a commutative algebra unitally extending A^- 



B' - imv' 



B' 



im V 



Define = f{fi) for (3 < a. li U = [0:0,0;] then dom ƒ1 is an initial segment of U. In the case 

U D [ao, a] we have dom ƒ1 = [ao, inf([/ — [oq, o])), also an initial segment of U. It is routine to check that 
ƒ1 satisfies (i),(ii),(iii) so that fi G M. However we have f\> f, & contradiction. 

Therefore dom fo = U and we define 

Bu := U /(a) 

In this way Bu is a Standard extension of A relative to {Ba)aeu where M a ^ U B^ '■= f{a). We have that 
Va(a;) e U a{x) has a root in B^ C Bu by condition (iii). □ 

So we have solved the algebraic problem. We next consider the normability of such extensions. 

THEOREM 5.4 ([11]): Let {A, || • \\a) be a commutative unital normed algebra and B a Standard extension 
of A with respect to {Ba)aGU where U ^ is a well-ordered set of monic polynomials over A. Let the 
isomorphisms Ba —A^ ^a[x]/ {a{x)'j be (f)a'Ba Aa[x]/ (^a{x)'j (o G U). Then there cxists a norm, || • \\b, 
on B and values of the Arens-Hofi^man norm parameters for the ^a[a^]/ {ce € U) where the norm on 
{Aa, II • ||a) is the restriction of || • ||_b to Aa, such that (f)a is an isometry for all a G U. 
Proof. This is an application of the transfinite recursion theorem, which we use informally. 
By assumption the foUowing commutes for all o e U: 

Ba ^ Aa[x]/{a{x)) 

Aa 

where v'a is our usual embedding of an algebra into its Arens-Hoffman extension; it will be an isometry 
whatever value is chosen for the norm parameter. 
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Let 7 e U and supposc that for all a <'y, has a norm || • ||a and > O (a < 7) are such that 

(i) Va < /3 < 7 II • ||;3 cxtcnds || • \\a 

(ii) V/3 < 7 is an isometry when has norm the restriction of || • ||/3 and ^/3[a;]/ {P{x)) is given an 
Arens-Hoffman norm with parameter tj^. 

New Aj = U/3<7 ^0 so by assumption (i), {{Bp, \\ ■ ||/3))^<^ induce a well-defincd norm on Aj. Choosing 
t-f > O according to the condition in Theorem 2.3 makes ^^[a;]/ (7(2:)) into an Arens-Hoffman extension when 
given an Arens-Hoffman norm. We can now define a norm, || • jj^, on i?-^ by declaring (p-^ to be an isometry. 
By the comments in the first paragraph the system ((B/3, || • ||/3))/3<^ satisfies (i), (ii) above but with '< 7' 
replaced with '< 7'. The result now foUows.* □ 



3. Integral Closure 

We are now in a position to prove the main theorem of this chapter. It is a simpHfication of a result stated 
in [11] and the proof is too. Similar methods are used in [14] but this has not been our main source. 

THEOREM 5.5: Let {A, \\ ■ be a commutative unital Banach algebra. Then there is a Banach algebra 
extension, (C, || • ||c), which is integrally closed. 

Proof. Let lvi denote the first uncountablc ordinal, and O the first ordinal. Let, for 7 e [0,a;i], ^(7) be the 
proposition 'There exist Banach algebras, {Ca, \\ ■ ||a)a<7 such that: 

(i) (Co,||-||o) = (AI|-|U) 

(ii) Va < /3 < 7 (C/3, || • is a unital Banach algebra extension of (Ca, || • ||a) with respect to C 

(iii) Va < /? < 7 Vmonic ij{x) G Ca[x\ 3^ e C/3 : At(0 = 0.' 

Suppose j < Lüi and that ^(7) holds. Wc must show that wc can choosc a Banach algebra, (C^, || • H^), 
so that the family (Ca, || • ||Q)a<7 satisfies (i)-(iii) above. This is obvious if 7 = O so let O < 7. 

Set A^ = lJa<7^c( and give A^ the [well-defined] algebraic operations and norm, || • induced by 
the subalgebras (Ca, || • ||a)Q<7- 

By Theorem 5.4 wc can form a Standard normed extension, (-B7, || • ||b.^) of (A^, || • \\a^) in which every 
monic polynomial over A^ has a root. Recall that in this construction the unital embedding was given by 
inclusion. Therefore every monic polynomial over Ca (a < 7) has a root in B^. 

i?7 may not bc complete so we form its complction, By the embedding lemma, there exists a 

Banach algebra, (C7, || • II7), containing A^ as a subalgebra, extending its norm and such that there is an 
isometric isomorphism (p: B~ — > C7 with (poj = l where j is the embedding of Bj in B~ and l is the inclusion 
map 07 — !■ C7. 

Let a < 7 and /Lt(x) G Ca[x] be monic. So fj,{x) is a monic polynomial over Aj and so there is 
^ G Bj : /Li(^) = 0. But Bj C C7 so p{'y + 1) is satisfied by this family of Banach algebras. 

Therefore p(wi) holds; let (C», || • ||c«)a<wi be a family of Banach algebras satisfying p{ui). 

Set C = [Ja<üJi S^^^ ^ usual induced algebraic structure and norm. It remains to check 

that C is complete and integrally closed. 

Let (c„) C C be a Cauchy sequence. So 3neN a„ < wi : Vn e N c„ e Ca„- As in the proof of Theorem 
A3.20, 3 a < cji: Vn G N a„ < a. So (c„) C C». But Ca is complete so 3 c e Cq, C C: c„ —> c (n — > +00). 
Thus C is complete. 

Finally let iJ.{x) be a monic polynomial over C. It has finitely many coefficients so 3a < Wi: iJ,{x) € 
Ca[a;]. But then fi{x) has a root in Ca+i CC. So C is integrally closed. □ 



* The reader may be more familiar with this type of informal inductive definition when U is replaced by 
an initial segment of some ordinal number. However there is no essential difference in view of result A3.16 
of appendix three. 
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4. Maximal Ideal Spaces 



This chapter could really have been called 'standard extensions' and though their main application here was 
to form an intcgral closurc of an arbitrary Banach algebra they gcncralisc Arcns-Hoffman extensions. One 
can ask if the results of chapter two also generahse. The first thing to note is that the method of obtaining 
a Standard normed extension from a set of monic polynomials, U C A[x], will not generally give a Banach 
algebra, even if A is Banach. The details of exactly when what has been called Bu is Banach (given A is 
complete) have been worked out in [11]. 

We turn our attention instead to determining the space of continuous characters (so again our section 
title is a deliberate misnomer) of a standard normed extension and are able to generalise Theorem 2.6 directly. 
This refines a remark in [11] (for our definitions) that the map induced by taking restrictions ^{Bu) n{A) 
is surjective. (The reasoning is different: we obtain Ct{Bu) explicitly whereas Lindberg makes use of the fact 
(which there is not space to discuss here) that standard extensions are examples of 'integral extensions'.) 



For rest of this chapter U will be a non-empty set of monic polynomials over A: 

\/aeU a{x) = + . . . + ai"i)_ia;"(")-i + 
< will be a well-or dering on U with least element ao- 



THEOREM 5.6: Let B := Bu be the generalised Arens-Hoffman extension of the normed algebra A as in 
Theorem 5.4. Then (up to homeomorphism) 

n{B) = {{h,X) Gn{A) xC^ : \/aGU h{a){Xa) = 0} 



Proof. Let P denotc the set on the right-hand side of this cquation. 

Let ^Q, > O be the parameter for the Arens-Hoffman norm on Aa [x 



inductive construction that it is possible to choose ta > 1, 



/{a{x)) 



n(a) — 1 



{a G U). We see from the 
y a E U . Let all notation 



be as in Theorem 5.4, so that Ba Aa[x]/ («(.t)) is an isometric isomorphism (a e U). Define 

U:n{B) ^ P; H ^ {h,\) 

where h = H\a and Va E U Xa = H (0^^(a;)). For convcnicncc we shall set 4'a^{x) (Va G U). This 

is well-defined since H\a is a continuous unital homomorphism A^ C and ioi a £ U we have 

hia){Xa) = h{alr^) + ■■■ + /i(a5i)_i)AS("'-^ + A^^") 

= (ifo</,-i)(a(")4 
= (iïo0-i)(O)=O. 



An easy induction shows that B is generated (over ^) by {1} U {^a '■ a £ U}.* Therefore H is injective. 

n is surjective: Let {h, X) € P. We use transfinite recursion (informally) to construct a suitable lift of 
h to B. 

Let P G U and suppose that {Ha)a<0 is a family of continuous characters (Va < /3 Ha ê Q{Ba))- 

(i) Va</3 Ha\A = h, 

(ii) Va < /3 Hai^a) = Xa, 

(iii) Vn < < 6 H„ =H^ \b.,. 



* It is not possible that the £,a will not all be distinct so we can use set notation here. 
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Now clcfinc hfj: Afj C; b i-^ Ha{b) where b G Ba (or if /? = cüq define hjs = h). This is well-defined by 
(iii) and plainly hp e Q{Afj). 

By assumption h^a^^^) + • • • + ^(o^^(^)_i)A^^'^''^^ + A^^^^ = 0. This implies (as in the proof of Theorem 
4.1) that 



|A/3| < 1 or |A;3| < h{4^^) 



+ ■■■ + 



< 



A0) 



+ ••• + 



'n(/3)-l 



(since \\h\\ < 1 by A2.7). So |A/5| < t^. 

Therefore {h/},Xp) G fl{A/)) x A^^ and by Theorem 2.6, there exists u) G Sl{Afj[x]/{(3{x))) : (/i/3,A/3) = 
(wof^,w(5)). 

Define = ujo (p^. Thus Hf^ e Cl{Bp). It is simple to check that H/} is consistent with (i), (ii), (iii): 

(i) Let a e A. Hp{a) = lü{{(3{x)) + a) = /i/3(a) = h{a) so -ff/slA = h 

(ii) Hi3{£,0) =cü{x) = \0 

(iii) Suppose a < (5. hei b G Ba<^ A^. Then Hp{b) = uj{(l)p{b)) = w(t'^(6)) = hp{b) = H^ib). 

By the transfinite recursion theoremf there exist continuous characters Ha G 0,{Ba) {a G U) such that 

(i) VaGt/ Ha\A = h, 

(ii) Vae[/ Ha{^a) = Xa, 

(iii) Va,/3G f/ a < (5 ^ Hc, = H^Ib^. 

Therefore we can define H:B = Uaec/ ^ C; 6 Ha{b) where a G U,b G Ba- Thus ff is a well- 
defined unital homomorphism B — > C and bounded since \H{b)\ = \Ha{b)\ < \\b\\. So H G fl{B). Moreover 
we have n(iJ) = {h,X). 

Q{B) is compact by A2.6 and P is clearly Hausdorff so it remains to check that 11 is continuous; the 
proof of this is similar to the corresponding part of Theorem 2.6. □ 

Our first application of this is to prove the result mentioned at the start of this section. 

COROLLARY 5.7: Let B : Ahe a. Standard normed extension relative to {Ba)aeU'ZA[x]- Then the following 
are surjections: 

n{B) n{A); H\a 
Ü{B) ^n{Ba); H ^ H\b^ {aGU) 
Proof. This is clear for the first map. For the second, let Ha G il{Ba)- 

Let A^3 = < 

[ A e C : Ha{(i){X0) = O (for some specific choices) if /? > a. 
Thus H := U~^{H\a, A) and Ha agree on the generators, {1} U {^^ : P < a}, oi Ba over A so Ha = H\b^ •□ 



COROLLARY 5.8: Let B be a Standard normed extension of A. Then K{A) = An K{B). 
Proof. 

K{A)= Pi keriï|A= Q Ar\]<.eï H = Ar\ K{B). 



□ 



The second application concerns the similarity with Cole's construction in the case when {A, X) is a uniform 
algebra for we have (in the above notation and the notation of chapter 4) a map p: — > fl{B); (k, A) 
n^^(eK,A). p is a homeomorphism onto its image in fl{B) and induces a homomorphism p*:C{Q,{B)) — > 
C{X^) as in chapter 4. Moreover we have the corresponding 

LEMMA 5.9: p*{ê) C A^. 



f In this case the objects are sufSciently simple for a formal application of that theorem. In the notation 
of A3.17 we can take W = U and 

X = Uinitiai segments, j,of u |(^^a)aeJ € J^^^i^a) ■ Statements similar to (i), (ii), (iii) holdj. 
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Proof. The proof is a straghtforward induction. Let J = {(3 G U : Mb & Bp p*{h) & A^} and assume 
[ao,a) C J. 

Let h e -Ba- Let n = n(a), the degree of a{x). Then there are ho,..., & A^: b = bo-\ h&n-iC^"^- 

So 

= p* (bo) +---+P* (Cl) p* (ï^y ' 

and by the inductive hypothesis it is enough to show that p* (^^aj € ■ Now V {k, A) € 

P* (V) («, A) = ^ (n-i(e«, A)) = n-i(£«, A)(^«) =: -^„(ea) 

where (as in the proof of Theorem 5.6) Ha := JI~^{eK, A)|_b„ = w o (j)^ for w e f2 (^„[a;]/ (a{x))) where in 
particular we have u){x) = A^. Therefore -ffa(^a) = ijj{x) = Xa = Pa{K, A). So (as expected) p* (^q.) = p„ S 

Thus a & J so J = U. □ 
Moreover the following is commutative, because V /o € ^ , (k, A) e 

(p* O /o) (k, A) = U-\e,, A)(/o) = £«(/o) = /o(«) = 7r*(/o)(«, A). 

A 

COROLLARY 5.10: Let {A, X) bc a natural uniform algebra. Then p* is isometric and A^ = B' 

Proof. This foUows from exactly the same reasoning as for simple extensions. □ 

As a last application of Theorem 5.6 we generalise in Theorem 5.12 Arens' and Hoffman's Theorem 2.10 

from chaptcr 2. 

LEMMA 5.11: Let i? be a Standard cxtcnsion of A relative to {Ba)aeu and d € A not be zero or a zero 
divisor in A. Then d is not a zero divisor in B. 

Proof. We use induction again but for some variation in the presentation suppose c? is a zero divisor in B 
but not in A. Recall that B = Ua</3-^«- ^ ^® least element of U such that dd' = O for some 
d' eBa- {0}. 

As in the proof of Lemma 5.9 ^q,: B^ — » Aa[a;]/ {ct{x)) is an isomorphism over Aa so there are elements 
do,..., rf„(„)_i e Aa'. d' = do-\ h d„(Q,)_i^2^"^~^ Thus we have 

O = Mdd') =ddo + --- + 

By the uniqueness (discussed at the beginning of chapter 2) of this representation of the coset (n(a) is the 
degree of a{x)) we have ddj = O (j = O, . . . ,n{a) — 1). By assumption d is not a zero divisor in A^ so 
dj = O {j = O, . . . , n{a) — 1). So we have the contradiction d' = 0. □ 

THEOREM 5.12: Let B be the Standard normed extension of A generated by U. Suppose that for every 
a G U da := discr(a(.T)) is not zero or a zero divisor. Then B is tractable if A is. 
Proof. Let A be tractable. Let J ={/?€[/ : Bp is tractable} and suppose [ao, f3) C J. 

Let a e K{Afj) := r\M{Ap). Now 3a < /?: a e Ba (or a e A; it makes no difference in the following 
argument but where we write Ba we do mean 'Ba or A'). 

Let Ha e ü,{Ba). 
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Now is a Standard normed extension of A relative to (B^)-y</3 so by Corollary 5.7, 

3H€n{Ap) : H^=H\b^. 

=> Ha{a) = H{a) = 0. Thus a G K{Ba) = (0) since Ba is tractable by hypothesis. 

So Af} is tractable. Now df) is not zero or a zero divisor in A^ by Lemma 5.11 so by Theorem 2.10, 
Afj[x]/{p{x)), which is isomctrically isomorphic to Bp, is tractable. 

By the principle of transfinite induction J = U and it now foUows from Corollary 5.7 again (with a 
proof as in the case of Aa) that B is tractable. □ 

In fact the converse is also true and the proof is another straightforward induction. However it relies on the 
result being true in the simple case (Corollary 9.3 of [7]) so we omit this. 
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Chapter 6 

Integral Closure of Uniform Algebras 



1. Introduction 

In Cole's thesis the main example features a method for constructing uniform algebra extensions closed 
under taking square roots and Lindberg remarks in [11] that the same techniques can be used to construct 
an integrally closed uniform algebra which isometrically extends any given uniform algebra, {A, X). We give 
the details explicitly here. 



2. Inverse and Direct Systems 

The basic result is that there is a canonical way of forming transfinite extensions of uniform algebras and 
it is this pre-existing construction which Cole exploits in [10]. In anticipation of the definition to be given 
bclow, the rcsult is that 'direct limits' of uniform algebras always cxist (wc shall prove a wcakcr rcsult hcrc). 
For the general categorical definitions of direct and inverse systems and their limits we refer the reader to 
[15], but it is easy to see what they are from the definitions below. 



Throughout the rest of this chapter, v will denote a fixed ordinal number greater than zero. 



DEFINITION 6.1: Let {Xa)a<v be a family of topological spaces and {na,i3)a<p<v a family of continuous 
maps where Va < (i < v tt^./j € C{Xj3,Xc,). We say that {{Xc,)a<v, {''^a,i3)a<0<v) is an inverse system of 
topological spaces if 

(i) Va < f Tïa^a = idjf„ 

(ii) Va < /3 < 7 < 17 Tr^,^^ = 7r„jj o Tr/j,-,. 

An inverse limit for the system above is a pair {X^, {'ïïa,v)a<v) where X^ is a topological space and 
Va < V iTa,v € C{X^,Xa) are such that 

Va < /3 < f 'Ka,v = TTa,/? ° ^I3,v 

and such that the following universal property is satisfied: Whcncvcr Y,. is a topological space and 3a<v Pa,v ë 

Pa,v — '^a,p ° Pp,v then there is a unique py G C(l^, Xy) : 

Va < V 7ra,v ° Pv = Pa,v 

This is written 

Xy ^ limQ; X(^ . 

In general there is no guarantee that an inverse limit will exist or be non-trivial. However we have the 

important rcsult below: 

THEOREM 6.2: Let {{Xa)a<v, {T^a,0)a<i3<v) bc an inverse system of non-empty compact Hausdorff spaces. 
Then an inverse limit exists and is a non-empty compact Hausdorff space. 

Proof. (From [16].): Define K = Xo:<vXa and let tt^: K — > Xa be the canonical projection {a < v). Set 

Xy := {k G K : \/ a < (3 < v (tt^/j o 'Kp,){K) = TTain)} 

T^(x,v ■= TTajx^ (O! < v). 
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We show that (X,;, ("iTa, ,;)<,.<,;) is aii inverse limit for the system. 

A product of Hausdorfï spaces is Hausdorff so K is Hausdorff and K is compact by Tychonofï's theorem. 
We have that = r\fj<v where V/3 < v = {k€ K : Va</3 (ttq^/j o = iTa{i^)}- By exercise 

3C of [17] the set on which two continuous maps into a Hausdorfï space agree is closed so the are closed. 
Hence is a closed and therefore compact subset of K. 

To check that X^, is non-empty it is enough, since it is now known to be compact and therefore has the 
finite intersection property, to show that V/3i, . . . , /3„ < u nfc=i ^ISk ^■ 

We first need to know that ^ P < v F/} ^ 0. 

Let (3 < V and choose e X^ and for a < /3 let Ha — T^a,i3{i^i3)- Let Ka be arbitrary in Xa for 
(3 < a < V. Then k G K and Va < /3 {TTa,0 ° = T^a,i}{i^i3) = i^a = T^a{f^) so k G Fp. 

Now let (3 = niaxfe=i^...^„(/3fc). Let k € fjg. We have 

\/a< (3 {-Ka,f} O 7r/3)(K) = 7ra(K) 

and so V j e {1, . . . , n} , a < 13 j {na,0j o w^^) (k) = (ttc,/?^ o tt^^^^ o tt^) (k) 
whence V j e {1, . . . , n} , a< /3j {^„,0^ o tt/jJ (k) = {na,0 o 'ïï0){k) = WaiK.) 

n 

and so «; e P| F^. . 

Thus0^n;=ii^ft- 

It remains to check that (X-u, (TTa.v)a<v) satisfies the rest of the conditions in 6.1 above. The maps 
are clearly continuous by the definition of the product topology. Now suppose that {Y^, {pa^v)a<v) is a 
topological space and family of continuous maps with y a < (3 < v pa,v = tto,/? ° Pi3,v Define 

p^:Y^ ^X^;y^ {pa,v{y))a<v 

Then a < (3 < v {-Ka,f} ° I3){pv{y)) = T^a,i3{Pi3,v{y)) = Pa,v{y) = T^a{Pv{y)) SO /9„ is well-dcfined and has 
Va < u -Ka,v ° Pv = Pa,v pv is continuous since Va < u 'ïïa,v ° Pv is continuous and K has the initial 
topology induced by {'Ka)a<v so Xy has initial topology induced by {■ïï'a\xa)a<v ~ i'^a,v)a<v Uniqueness 
of pv is clear. □ 

DEFINITION 6.3: Let {{Aa)a<v, {Oa,p)a<p<v) be a family of algebras and homomorphisms where Va < 
13 <v 9a,i3'- Aa — » Ap. This is a direct system if 

(i) Va < u 6a,a = id^c 

(ii) Va</?<7<u Oa^-y = 9p,-y o 9a,f3- 

A direct limit of this system is {A^, {9a,v)a<v) for an algebra A^ and homomorphisms 9a,v-^a 
such that 

\/a< P <V 6a,v = Ofj^v O 9a,f} 

and whenever is an algebra with homomorphisms (f)a,v'Aa {a < v) satisfying 

\/a<l3<-f (l)a,v = (l))3,v O 9a,l3 

then 

3\ 9v G ïiom{Ai, , Bv) ■ Va < f </> 

We write 

■Afj — — ÜiïIq, . 

It is clear what these definitions in other specific categories of algebras should be. In fact for our purposes 
it will be sufficiënt to restrict attention to the category, U, of uniform algebras and continuous unital 
homomorphisms between them of norms at most 1 (i.e. multiplicative contractions) . 
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Now let ({Aa, Xa)a<v, {''^a,i3)a<i3<v) be E famüy of uniform algebras such that {{Xo:)a<v, {''^a,0)a<0<v) is 
an inverse system. Then 

y a < (3 < V TTa^fi induces tt* ^3 € Honi(7 (A^j, A^) defined by 

'^a,l3' A-a ^ A/s; f f O -Ka,f). 

The success of Cole's method rests (among other things) on: 

THEOREM 6.4: Let {{Aa,Xa)a<v, {'^a,0)a<0<v) be a family of uniform algebras and suppose 

is an inverse limit of the inverse system {{Xa)a<v, {T^a,fj)a<i3<v) where all the -Ka,!} are surjective (a < /3 < v). 
Let A^ be the closed subalgebra of C(X„) generated by /q := Ua<u'''a Then (tt* ^)a<t,) is a 

direct limit of the dual system {^{Aa)a<v^ (tt* i3)a<i3<v^ (in U) and {A^,X^) is a uniform algebra. 

Proof. (Adapted from the sketch in [10].) It is immediate that {A^,X^) is a uniform algebra; X„ is a non- 
empty compact Hausdorff space by Theorem 6.2 and A^ is already a uniformly closed algebra. It contains 

the constants because 7rQ^(l) = 1 G A-^. A-u separatcs the points of X^ji let k,k' G X^, with k ^ k' . So 
there exists a < v : Kq 7^ n'^. But Aa is a uniform algebra so for some ƒ e /(^a) 7^ fWa)- We have 
<,.(ƒ) e and = (ƒ O = ^ 

We now verify that (Av, (tt* is a direct limit of the dual system in U. By Lemma 9 of [16] (p. 

210), whose proof we do not reproduce here, the surjectivity of the maps (TTa.tj)a<i3<v implies that na,v is 
surjective (a < v). Hence tt* „ is isometric {a < v). So for a < v Utt* „|1 — 1. Also 

Va < /3 < u 7r^^„ O 7r*_^ = {^^,0 ° '^i3,v)* = 

It therefore remains to check that (tt* i,)a<v) solves the universal problem in definition 6.3. 

Let {{B^, y„), {(j)a^v)a<v) be another pair of uniform algebras and family of homomorphic contractions, 
4>a,v'- Aa By [a <v), with 

Va<(3<V (j)oi,v = 4>l3,v ° 1^*a^(3- 

We must show 

3|7r*eHom(A^,B„): Va<t; (l>a,v = K ° K,v (t) 

The uniqueness part is clear because 7o generates A^. Also notice that Iq is a subspace of A^: let 

91,92 e /o, A e C. 

There exist a,P <v: gi € Tr^ JAa),g2 e 'K* JAfj). 

So there are fi e A^, ƒ2 e : 51 = 7r*,^;(/i), 52 = Tr*p,vih)- 

We have Xgi = tt* „(A/i) e /q- Now let a < /3 without loss of generality. So tt* = ir^^^ o 7r*_^ whence 

91+92 = TT^y (7r*,;3(/i) + ƒ2) e /o- 

So if we can define tt* on Jq to be a homomorphism with norm at most 1 satisfying (f ) then (sincc _B„ 
is a Banach space) there is a unique continuous linear extension to a map Ay B^ with norm at most 1. 
By continuity the extension will bc a homomorphism. 

Set Tq-. Iq By-, g 1-^ (f>a.v{.f ) where g = 7r*^(/), ƒ G Aa,a < v. Tq is well-defined: suppose a < (3 < v 
and g = <,^(/) = tt^M') ƒ G ƒ' G i^s- Now = tt^^ o tt^^^ so 7r;_^(/) = 7r^,^«,/3(/)) = 
7r^^(/'). But 7r/3,„ is surjective so tt^ ^ is a monomorphism (in fact isometric, as noted above). So ƒ' = 7r*^(/) 

^' 4>c,v{.f) = {4>f3,v O Kj))i.f) = 4>f3,v{.f')- 

Similar calculations show that Tb is a homomorphism. We also have that Tq is a contraction for if 
9 = <,vif)J then 

||To(5)|| = ||<^a,.(/)||<||/|| = ||<„(/)|| = N|. 
So the required map Tr*:Av — > S„ exists. □ 
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3. Universal Root Algebras 



We can now apply the machinery above to obtain a 'universal root algebra' (an integrally closed extension 
algebra) by mimicking Cole's work. This is almost certainly repeating the work of Lindberg. 

THEOREM 6.5 Let {A, X) be a uniform algebra. Then there exists an integrally closed uniform algebra 
which is an isometric extension of A. 

Proof. Let wi denote the first uncountable ordinal. Now let 7 < wi and suppose we have chosen uniform 

algebras, {Ac, Xa)a<'y, and continuous surjections, {Tra,0)a<0<i, such that 

(i) {{Xa)a<'r^ {'^a.p)a<0<'r) is au inverse system 

(ii) iAo,Xo)^{A,X) 

(iii) V/3<7, ifEla</3: P = a + 1 * then (Aj^jX^) is the Cole-extension as in Theorem 4.1 taken with 
respect to Ua, the set of all monic polynomials over Aa and Va < /3 < 7 na, 13 is the associated projection 

=X^x ^ Xa. 

(iv) V/J < 7, if /3 is a limit ordinal then A^ is the direct limit of {Aa,Xa)a<0 and {na,v)a<v are as described 
in Theorem 6.4. 

There are two cases. If 7 = /? + 1 for some /? < 7 then we (are forced to) define {Aj,Xj) to be the 
uniform algebra generated according to Theorem 4.1 by the set of all monic polynomials over A^. For a < 7 
set 

idjf^ a = 7 



'a,7 



the coordinate projection Tr^,^: X^ — > X^ a = (5 

. na,0 O 7r/3,7 a < f3. 

All maps on the right hand side are surjective and continuous so the same is true of tt»,^ (q; < 7). 

The othcr case is whcn 7 is a non-zcro limit ordinal. Dcfinc ((A^,X^), {na,'y)a<'y) to bc the uniform 
algebra constructed out of the existing system according to Theorem 6.4 (and let n^^j = idx^, the identity 
map on X^). 

In cach case {{Xa)a<~f, {'n'a.p)a<p<'-i) is an inverse system of compact HausdorfF spaccs and continuous 
surjections and (i)-(iv) are plainly satisfied by the extended system of uniform algebras. By the transfinite 
recursion theorem we obtain such a family of uniform algebras with 7 = wi . 

It is clear that Wi is a limit ordinal. Therefore by (iv), 



the closure being taken in C{X^j^). This follows from the facts that Ua<a)i '^a,ui i^a) is a subalgebra (similar 
to the result seen in the proof of Theorem 6.4) and that the closure of a subalgebra is a subalgebra. We also 
saw in the proof of Theorem 6.4 that tt* is an isometry (a < wi). Hence tt* i^^{Aa) is closed Va < wi 
(since Aa,C{Xu,i) are complete). 

Also the relation Va < /3 < wi tt* = tt^^^^ o 7r*_^ shows that Va < /? < wi tt* .^^(Aa) C 7r^ ^^^(A/3). 
Hence by Theorem A3.20, Uc«<wi ojii-^a) is closed. Therefore 

Now if ^i{x) is a monic polynomial over A^-^ then it is monic over tt* ^^(A^) for some a < uji and 
therefore has a root in tt^^^^^ (>l/3) where /? = a + 1. So A^^^ is integrally closed. Finally note that t^o^uii gives 
an isometric embedding A ^ A^^ . □ 



Wc therefore have rcfincd Theorem 5.5 to the catcgory of uniform algebras. One can also invcstigate 
the inheritance properties of these 'universal root extensions'. For example Theorem 4.2 generalises: if A is 
natural on X then A^^^ is natural on X^i^ ■ This can be proved in exactly the same way as the corresponding 
result for the sciuare-root closed extensions mentioned before; see for example [18] p. 103. 

* See appendix 3 
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Chapter 7 

Conclusion 



1. Conclusions 

We have explored two methods for extending uniform algebras by roots of monic polynomials, one of which 
applies to general commutative normed unital algebras. We have seen that integrally closed extensions 
always cxist in both catcgories of algebras. 

The two constructions have well-understood properties, and, as we have seen lead to essentially different 
Solutions. 

Wc have taken a simplificd view of the litcraturc. Thcrc have been many contributions (mainly by 
Lindberg) on properties of Banach algebras with respect to Arens-Hoffman extensions which we have not 
considered. For example (for appropriate initial algebras) naturality, normality, regularity, the Silov bound- 
ary, indccomposability and invohitions. (Sec [7].) 

Another topic not covered here is on 'integral extensions'. Standard extensions are examples of integral 
extensions and they can be used to investigate the purely algebraic questions on them; see [11]. 



2. Context 

Apart from the minor application in Corollary 3.16, Arcns-HofFman extensions' mainly feature in the litcra- 
ture in connection with Galois theory for Banach algebras where they play a very important role. However 
in some verslons of this they are not sufHcient (there are 'Galois extensions which are not Arens-Hoffman 
extensions' mcntioned in [19]). 

Arens-Hoffman extensions also feature in some examples in the literature on function algebras. For 
example, Karahanjan uses them in [14] to construct an example of a uniform algebra with certain properties. 
This was the area of Cole's work in [10] where he used a universal root algebra to disprove a certain conjecture. 



3. Further Questions 

In addition to the properties mentioned in the first section there are other inheritance properties of Arens- 
Hofïman extensions it might be interesting to investigate; for example the popular C* property. Also the 
work in section 5.4 suggests that many of these rcsults will lift to Standard extensions. 

The corresponding results for extension of uniform algebras by Cole's methods have not been studied 
as much in the literature so it is important to know precisely when such extensions can be realised via 
Arens-Hoffman extensions. 

We would also like to be able (if possible) to generalise the result at the end of chapter two so that every 
tractable normed algebra can be embedded in a tractable normed algebra extension which contains roots of 
an arbitrary large set of monic polynomials (which may have to be restricted in some other way). 
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Appendix 1 

Assumed Gelfand Theory 



Gelfand theory is a tooi used to investigate normed algebras. It idcntifies arbitrary normed algebras with 
complex function algebras via a map, F, to be defined below. We list the definitions and results which are 
used in the dissertation. This material is Standard and proofs can be found in many introductory books on 
functional analysis, for example [5] chapters 12 and 13 or [20] chapters 1 and 2. 
Let A be a commutative unital Banach algebra. 

DEFINITION Al.1: The maximal ideal space and character (carrier) space of A are respectively 

M{A) :— {I C A: I is a. maximal ideal of A}, and 
n{A) :=Homc(A,C) - {0}. 

The topologies on these two sets are defined below. Recall that A* = B{A, C) has a topology called the weak 
*-topology, the initial topology induced by the evaluation-at-a linear functionals {a G A). 

THEOREM Al.2: n{A) C A*. □ 



THEOREM Al. 3: M{A) ^ and /i: fl{A) M(A); w kerw is a bijection. □ 

The topology on Q{A) is the subspace topology relative to the weak *-topology. The topology on M{A) is 
the one obtained by using fj, to identify the two sets. 

THEOREM Al. 4: fl{A) is a compact Hausdorff subspace of A* in the weak *-topology. □ 



DEFINITION Al.5: The Gelfand transform of A is the map T:A^ C{Q{A)); a^a where 

V a e A w e Q{A) a{üj) := oj{a). 



THEOREM Al. 6: 

(i) r is a contractivc (norm-decreasing) homomorphism 

(ii) Va G A ||a|| = r(a) = lim„^+oo ||a"||^ 

(iii) Va e A ima = (j{a) 

(iv) kerr = nM(A). □ 



DEFINITION Al.7: A is semisimple if nM(A) = {0}. 

COROLLARY Al.8: 

(i) F is injective '^=> A is semisimple 

(ii) F is isometric Va e A ||a^|| = ||a|p. □ 
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Appendix 2 

Gelfand Theory for Normed Algebras 



While Gelfand theory is usually expounded for Banach algebras it is interesting to study its gcneralisation to 
normed algebras in its own right as well for its use as a tooi to investigate incomplete normed algebras. Most 
of the results presented below seem to be well-known but not to be found explicitly stated in the literature. 
They are obtained by modifying the Standard proofs for the complete case or by considering the algebra's 
completion. Accordingly we begin by recalling the definition of this. 

DEFINITION A2.1: Let A be a normed algebra. Then a completion of A is a pair {A, i) where A is a Banach 
algebra and i is an isometric monomorphism A A with dense image. 

There is a well known construction for normed spaces. One defines A := S/ ^ where S = {s G 
A'^ : s is a Cauchy sequence } and is the equivalence relation on S given by 

s s' lim ||s„ — s'^\\ = O where s = (s„), s' = {s'^) 

n— »+cx) 

It is Standard that complctions are imiquc up to isometric isomorphism. By this wc mcan that if {B, j) is 
another completion then there is an isometric isomorphism 4>: A B such that the foUowing is commutative: 

A ^ B 

i y 3 

A 

For a, b e S (a = (a„), b = (6„)), A e C the normed space structure is given by 

[(«„)] + [(&«)] [(a„ + b„)] 
X[{an)] := [(Aa„)i 
II [(«")] II := limn^+oo||an|| 

It is a Standard exercise to check that 

[K)] [(&„)] := [{anbn)] 

properly defines a multiplication on A in such a way that i is an algebra homomorphism. It is also clcar 
that normed algebra completions are unique to isometric isomorphism. They are clearly commutative if A 
is commutative. If A is unital then so is A and i is too (i.e. 1^ = 



In tlic rest. of tliis appendix ,1 will (k^iiotc^ ;i (:()iui)]('x nonnod algcljra. uot iicccssarilN' coiuumtativt" or uiiilal. 



Although the applications in the disscrtation are only to unital algebras it is not much more difficult to 
develop the Gelfand theory for non-unital normed algebras. There is an existing theory for non-unital 
Banach algebras (see for example [20] chapter 1) in which the maximal ideals are replaced by the modular 
maximal ideals. 

DEFINITION A2.2: Let iï be a commutative algebra and J be a maximal ideal of R. J is called modular if 
for some u G J we have Vreiï r — ru G J. 

Clearly all ideals are modular if R has a unity. 
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Whcn A is not complete it is no longer autoinatic that a complex homomorphism is continuous. We therefore 
only consider the continuous characters on A: 

fl{A) := {u) e Homc(A, C):a; is continuous, u) ^ 0} 

In this way U{A) C A* and we can again exploit the topology on A*. 

LEMMA A2.3 (Gelfand-Mazur): Let ^ be a normed, unital division algebra. Then there exists an isometric 
isomorphism A ^ C 

Proof. This will be as for Banach algcbras if wc can show that again in normed algcbras every a G A has 
non-empty spectrum, cr(a). This is the content of the Gelfand-Mazur theorem for Banach algcbras. It can 
be shown directly for normed algcbras (for example in [2] p. 22 Theorem 5.6) but the following argument, 
pointed out to me by Dr. Feinstein, avoids this. By the Banach algebra result a ^(o.) ^ where A is as 
above. But since there is a unital monomorphism A A we have cr^{a) C aA{a) so a{a) ^ as required.n 

One comment is in order: if the normed algebra has a unity but is not unital (i.e. 1 < then the 

topological isomorphism of the theorem still exists but may not be isometric. (The map is A ^ C; a i-^ Xa 
where Xa is the unique A e C: a = AIa.) 

LEMMA A2.4: Let A be a commutative normed algebra and let 

M{A) := {ƒ C ^: ƒ is a closed, modular maximal ideal of A}. 

Then M{A) 7^ <^ fl{A) ^ and in this case /z: Ü{A) M(A); o; kerw is a bijection. 

Proof. First suppose ^1{A) ^ 0. Let uj E rt{A). Since 7^ O its kernei is a proper ideal of A. Suppose J is 
an ideal of A satisfying kerw C J C Now w is a ring epimorphism A C so üj{J) is an ideal of C. But 
C is simple so a;(J) = {0} or C. 

If üj{J) = (0) then J C uj~^{uj{J)) — cl;"^((0)) = kerw which implies that keruj = J, a contradiction. 
The other case can't occur because if cü{J) = C then O = C/uj{J) = Aj J (since o; is an epimorphism). But 
J^^so^/J^O, a contradiction. 

Thus kerw is maximal. 

kerw is closed by the continuity of lo. 

Let A — kerw and put u = a/uj{a). Then we have that 

^h&A b-ubekeioj 

and so kero; is modular. Thus kercj G M{A). Note that this also shows that /i is well-dcfined and exists 
whenever fl[A) ^ 0. Also, the result that /z is always injective when it exists does not require the completeness 
of A so we omit the detail (sec for example [5] p. 321). 

Suppose now that M G M{A). Since A is commutative, A/M is a field; the unity is M + u where 
u G A-.y a G A a — ua G M. By Lemma A2.3 there is a topological isomorphism (p: A/M C. The map 
cü := (f)ou where u is the natural epimorphism is therefore a continuous character of A. (It is Standard that 
the natural epimorphism of a normed spacc onto its quotiënt by a closed subspacc is continuous.) 

We have now shown M{A) ^ <^ Ü,{A) ^ 0. It remains to check that when either set is non-empty, /x 
is surjective. But for M e M{A), setting ui = (p o u as described above gives a continuous character on A 
with M C kerw. Since kerw C A and M is maximal we have M = kerw = /i(a;) as required. □ 

LEMMA A2.5: Let ^4 be a normed algebra with n{A) non-empty. Every continuous character on A extends 
to a character on A. 

Proof. Let uj G il{A) . We must show that 3uieA: ujoi^uj where (A, i) is as above. But im i is dense in A, 
u!oi~^ is a bounded linear map imi ^ C with norm ||t<;|| (where is the (induced) isometric isomorphism 
imi — > A). C is complete so by the Standard continuous linear extension theorem, 3| o) G B{A, C): a)|imi = u>- 
This continuous extension is clearly also a unital homomorphism satisfying üoi = u). □ 
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As for Banach algebras we define, when Q{A) 7^ 0, for a e A the map 

a : Q.{A) C; u> 1 — > oj{a). 

Let the set of these maps be A. 

LEMMA A2.6: Let A bc a normcd algebra with Vl{A) non-empty. Let Ti be the initial topology on Q,{A) 
induced by A. Then Q.{A) is a locally compact Hausdorff space and is compact if A is unitaL 
Proof. First we observe that Ti = Tq^^^ where r* is the weak *-topology on A*. This is because Ti is the 
initial topology induced by the restrictions to Cl{A) of the set of maps inducing the topology r* (see [5] 
exercise 19-C). 

So it is immediate that U{A) is Hausdorff, since r* is known to be. Now let ui € n{A). 
By Lemma A2.5, 3a) e n{A):üj o i. By the result for Banach algebras, üi e il{A) ^ ||ó;|| < 1. So 
= ||woi|| < ||a;||||i|| < 1. Therefore n{A) C S* := B^^O, 1]. By the Banach- Alaoglu theorem, S* is 
compact with respect to r^^^^ = Tj. The rest of the proof (that Q{A) U {0} is closed in S* so that Q{A) is 
locally compact) is exactly the same as for Banach algebras (see for example [20] *1.3.5) so we omit thisO 

COROLLARY A2.7: Vw e n{A) \\cü\\ =1. □ 

LEMMA A2.8: Let A be a normed algebra with Ü{A) non-empty. Then A is a subalgebra of Co{fl{A)) 
which separates the points of Cl{A) strongly. 

Proof. Let T:A^ Co{^{A))-, a ^ d. It is clear that A — imF separates the points of Q{A) strongly: if 
uj\,uj2 € r2(A), iüx^ UJ2^ 3a € A : ijj\{a) = a{iü\) ^ a{uj2) = ^2(0). That A vanishes at no point of Q.{A) 
is built into the definition of characters. 

The vcrifications that F is a homomorphism and that Va S A a is contimious and vanishes at infinity 
are the same as for Banach algebras so we omit the detail. Since A = imF, it is automatically an algebra.^ 

To summarise our progress: we have established a norm decreasing homomorphism. F, from the normed 
algebra A into a Cq{X) for some locally compact Hausdorff space, and that in fact it is given in the same 
way as for Banach algebras but restricting attention to the continuous characters of A. We shall still call F 
the Gelfand transform. However it is now longer true that F is injective iff A is semisimple and the relevant 
condition on A is given by the foUowing definition, given in [1]: 

DEFINITION A2.9 ([1]): Let A be a normed unital algebra. A is called tractable if the intersection of its 
closed maximal ideals is {0}. 

(Recall that the existence of the unit implies maximal ideals exist.) In fact by lemma A2.4 we can 
generalise (for commutative A at least) this to 

DEFINITION A2.10 Let A be a normed algebra. A is tractable if the intersection of its closed modular 
maximal ideals, M{A), is {0}. 

There is a definition of modular ideals for non-commutative normed algebras but we shall not refer to 

it. (The definition implies that M{A) is non-empty (imlcss ^4 = 0) since the empty intersection of subsets 
A is A itself.) It is consistent with the unital case because then every maximal ideal is modular with 
'modular unit' Ia- We have 

THEOREM A2.11: Let A bc a normed algebra for which n{A) 7^ and let F be the Gelfand transform. 
Then F is injective iff A is tractable. 

Proof. By Lemma A2.4 there is a bijcction n{A) M{A); u) i—^ kerw. We have 

kerF = {a e A: a = 0} 

= {aeA: Vw e n{A) üj{a) =0} 
= ^wen(A){a e A: u){a) = O } 
= nt^en(A)kera; 
= nM{A), 
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and the result follows. 



□ 



A result concerning tractabiUty, which we state because it is needed in chapter 3, is: 

PROPOSITION A2.12: Let Ahe a. commutative unital normed algebra and {A,i) a completion. Then if A 

is scmisimple, A is tractablc. 

Proof. Suppose A is semisimple and that a E (~]M{A). Let oj € fl{A). z is a unital homomorphism so 
w O i g r2(A). So by assumption (w o i){a) = oj{i{a)) = 0. Therefore i{a) € P| M{A) = (0). But i is injective 
so a = 0. □ 

The converse to this is false; see chapter 3 for an example. 

DEFINITION A2.13: Let ^ be a normed algebra. K{A) := nM{A) is the radtcal of A. 

The last result of this section confirms the result asserted in [1] that factoring a normed algebra by kerF 
(where it exists) gives a tractable normed algebra. We prove it in the commutative, unital case; it is applied 
in the proof of Theorem 2.13. 

PROPOSITION A2.14: Let ^ be a commutative unital normed algebra and M{A) be as above. Then 

A/K(A) is a tractablc normed algebra. 

Proof. By the fundamental isomorphism theorem, F induces an isomorphism F: A/K(A) A with norm 
||r||. Now A C C{Cl{A)) and we have the evaluation characters 

£^:i^C;/^/H {wGn{A)) 

It follows that A is tractable because if ƒ € K{A) then G Ü{A) e^{f) = f{üj) = O so ƒ = 0. 

Now F is an algebraic isomorphism so it induces a bijection between the maximal ideals of A/K[A) and 
A given by J i— > T{J). F is continuous so for every closed maximal ideal, J, of A, r~^(J) is a closed maximal 
ideal of A/K{A). Therefore 

K (A/KiA)) = fl M {A/K{A)) C f| {f -i( J) : J e M(i)} = f (f| M(i)) = f -^({O}) = {0} □ 
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Appendix 3 

Set Theory 



The constructions in chapters 5 and 6 require powcrful set theory and here we set out the relevant definitions, 
results, notations and other conventions. AU the results in this chapter are well known and we shall omit all 
proofs of the more Standard ones; we refer the reader to [21] for these. 

DEFINITION A3.1: Let {W,<) be a well-ordcred set and a,l3 €W with a < /?. The segment {a,/3) is 
{w gW : a < w < f3} while the interval [a, f3] :— {w £ W : a <w < f3}. Let O = inf W. An initial segment 
of is a subset of the form [O, a) or W, the former being proper. 

The foUowing three lemmas are needed in chapter 5. 

LEMMA A3.2: Let A be an infinite set. Then #A = #{A x A). 

Proof. A solution to this can be found in [21]. □ 

COROLLARY A3.3: Let A be an infinite set and U he a well-ordered set with O < #U < #A. Suppose 
that V a G t/ is a set with # A„ = # A. Then 



#i[jAj=#A. 

\aeu ) 

Proof. Obviously #A < # (Uaec/ "^«)- ^r a G {J^^jjAa, 3a £ U : a G Ac,. Also there is a bijection 

(^Q,: Aa A. Wc have (a, (f>a(a)) E U x A and there is an injcction IJaef/ U x A. The result now 

foUows from the Cantor-Schröder-Bernstein theorem since #(C/ x A) < 4H.A x A) = ^A. □ 

COROLLARY A3.4: Let A be an infinite ring. Then #A = #A[x]. 
Proof. Clearly #A < #A[x]. Define 



0: A[x] -> IJ ; a{x) = ao + ■ ■ ■ + a„a;" 



(ao,...,a„) e A"+^ ün^O 
(0) G A a{x) = 0. 



is an injection so #A[x] < # (U„eN^") ^ #(N ^ ^) ^he proof of Corollary A3.3. And #(N x A) < 
#{A X A) = #A by Lemma A3.2. □ 

DEFINITION A3.5: A set, S, is transitive if Vs G 5 s C 5. 

DEFINITION A3.6: The set a is an ordinal if a is transitive and a = or (a, g) is well-ordered. 
PROPOSITION A3.7: A set, S, is an ordinal 3 a well-ordering on S such that \/ s G S [O, s) = s. 

PROPOSITION A3.8: Let a,f3 be ordinals. Then a G /? a C f3. 
DEFINITION A3.9: Whenever a, /3 are ordinals a < f3 -.-^ a C f3. 

DEFINITION A3.10: Let {S, <), (T, C) be partially ordered sets and 5 ^ T be bijective. (f) is an order 
isomorphism if Vsi,S2 G 5 si < «2 ^{si) E 0(s2)- 

PROPOSITION A3.11: li (j>:a ^ p is an order isomorphism of ordinals then a = p. 
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PROPOSITION A3.12: Let E be a non-empty set of ordinals. Then (E, C) is well-ordered. 
PROPOSITION A3.13: Let E be a set of ordinals. Then UE is an ordinal. 
PROPOSITION A3.14: Let a be an ordinal. Then a + 1 := a U {a} is an ordinal. 

DEFINITION A3.15: Let E be a set of ordinals and /3 e E. /3 is a non-limit ordinal mEif3aGE : /3 = 
a + 1. Otherwise /3 is a limit ordinal in E. 

THEOREM A3.16 (The Counting Theorem): Let be a well-ordered set. Then there is a unique ordinal 
which is order isomorphic to W. 

THEOREM A3.17 (The Principle of Transfinite Induction): Let W he a well-ordered set and J C W be 
such that VwgW [0,w) C J ^ w G J. Then J = W. 

THEOREM A3.18 (The Transfinite Recursion Theorem): Let be a well-ordered set and X a set. Let 

: lis an initial segment of VK-^^P(-^) 

Let /e Map(Q,X). Then 3| f/ e Map{W,X): \/ a € W U{a) = f {U\[o,a))- 
THEOREM A3.19: Let S ^9- Then there exists a well-ordering on S. 

The applications require the existence of an uncountable well-ordered set which has the property that all 
its proper initial segments are countablc. By A3.19.16 there certainly exist uncountable ordinals. By A3.12 
there is a unique first uncountable ordinal, which we denote wi. It is easy to see that ui has the desired 
property. The sort of situation in which it becomes useful is illustrated by the result below (which is also 
used in chapter 6). 

THEOREM A3.20: Let {X,d) be a metric space and (-Fa)o<a<wi be a family of closed sets in X such that 

ya< ^ <Lüi F^C Fp. Then F [ja<u>^ ^" is closed. 

Proof. Let {xn)nen ^ F and ^ x € X {n ^ +oo). Now Vn G N 3 < wi : a;„ G F^^. 

Now 3a < wi : Vn e N a„ < a for if this were not true then Va <a;i3neN : a < an- Hence 
[0,wi) C UneNl^''^")- But by the dcfinition of cji, [0,a„) is countablc Vn G N . Thcrcforc lüi = [0,a;i) is 
countable since it is contained in a countablc union of countablc sets. But this is a contradiction. 

Therefore (a;„) C and since Fa is closed x G F^ C F. □ 
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